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ABSTRACT 

The development of turbulence models based on the Reynolds stress transport equations is 

considered. Main emphasis is put on the modelling of homogeneous turbulent flows. These 

flows have the advantage of being relatively simple to study analytically and numerically 

while still containing many of the physical phenomena important for the development of the 

turbulence in a general flow situation. For example, a homogeneous shear can be seen as a 

generic case for all types of shear flows, such as boundary-layers and wakes, whereas the 

axisymmetric and plane irrotational strains approximate the flow in pipes and ducts with 

varying cross-section. Special attention will be given to a discussion of the methodology 

used in constructing turbulence models. It will be argued that only if consideration is given 

to the general physical and mathematical conditions and constraints that can be derived from 

the basic equations for the flow, may generally valid turbulence models be formulated. In 

the discussion on the development of new models for the engineering applications it is also 

important to give thought to how these models can be verified. Direct numerical simulations 

of the turbulent fields and spectral or two-point modelling are, along with experiments, 

methods that can be used for this validation. An account is also given of the rapid distortion 

theory, which is used in the mode! development. 

The main results are connected with the modelling of the dissipative terms in the 

Reynolds stress transport equations and with the modelling of the total dissipation rate 

equation. Through experimental and numerical data it is shown that the dissipation rate ten

sor in many cases exhibit a significant degree of anisotropy and that this effect needs to be 

modelled. Such a mode! is developed and is found to be in good agreement with data from 

simulations of various homogeneous flows. Spectral methods are used to exarnine a mode! 

for the total dissipation rate equation. It is found that the mode! "constants" may depend on 

the initial flow conditions. This result, which is in agreement with analytical results based 

on the concept of self-sirnilarity, points to an inherent, but not fatal, !imitation of Reynolds 

stress models and single-point closures in general. 

Descriptors: homogeneous turbulence, Reynolds stress transport models, anisotropic 

dissipation rate tensor, return-to-isotropy, hot-wire measurements, EDQNM

approximation, rapid distortion theory (ROT). 
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INTRODUCTION 

Whenever a problem is encountered in the engineering applications that involves the motion 

of a fluid it is safe to assume that the fluid will exhibit the chaotic type of motion known as 

turbulence. Typical examples are found in the flow in pumps, fans, turbines and engines, 

behind grids, rods and plates and in ducts of different shapes. Even if the flow at first glance 

seems well-ordered there will nearly always be regions were turbulent effects are dominant. 

Such regions are, e.g., the turbulent boundary-layer on a wing or the turbulent wake behind 

a plate in an otherwise laminar flow. Though of limited extent these regions can be of great 

practical importance. For instance, the skin friction due to the turbulent boundary-layer flow 

along the hull of a tanker accounts for about 80% of the total ship resistance. In order to 

predict the development of the turbulent velocity field, and related properties such as 

pressure drops, drag coefficients, heat transfer etc, the engineer needs simple and yet 

accurate mathematical models. 

One of the most important developments in the field of fluid mechanics <luring the last 

decades is the rapid increase in computer power. Not only do the computers of today allow 

the experimentalist to gather and evaluate huge amounts of data, but they have also broken 

completely new ground. Today the direct numerical solution of the dynamical equations 

governing the fluid motion and the possibility to simulate the complete turbulent field is a 

method used by research groups around the world. With this new tool we may refine our 

knowledge about the detailed structure of the turbulence beyond that which is possible to 

attain through physical experiments. For the turbulence modeller the most important use of 

the simulation results is in the validation of proposed models. Since each mode! 

assumption, even if the effect under consideration is difficult or even impossible to study in 

an experiment, may be evaluated against the numerical data base this development holds the 

promise of even better turbulence models useful in a wide class of flow situations. 

The scope of this thesis is limited to the modelling of incompressible flows unaffected by 

externa! body forces, scalar transport and chemical reactions. We will also put our main 

emphasis on homogeneous turbulent flows. This is not such a serious restriction as might 

be expected. As will be shown later the non-homogeneous effects are in many cases 

confined to certain limited regions of !he flow field, e.g., very near a solid surface, and may 

sometimes even be totally neglected (cf. the discussions below about the "wall" pressure

strain rate term and the total dissipation rate equation). Furthermore, it has been shown 

(Lee, Kim & Moin 1990) that many of the features, both statistical and of the detailed time

dependent structures, of a non-homogeneous flow (such as a turbulent boundary-layer) may 

also be found in the homogeneous counterpart (a homogeneous shear flow). This, in tum, 
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implies that knowledge gained through the study of homogeneous turbulence may be 

applicable to more general flow situations. 

We will here make a critical review of some of the most commonly used ideas in 

turbulence modelling. We believe that in the development of turbulence models with as wide 

a range of applicability as possible, it is necessary to have a clear understanding of the 

mathematical constraints as well as of the underlying physical phenomena. Special attention 

will therefore be given to general conditions and constraints that can be derived from the 

basic equations for a turbulent flow and which should be enforced in the model formulation 

and we will, before the actual discussion of different turbulence models, begin with a 

presentation of these basic equations. We will then consider some of the general aspects of 

turbulence modelling and discuss the methodology of constructing such models. Methods 

for validating turbulence models will be briefly discussed. Among the models discussed 

here emphasis will be put on those based on the transport equations for the Reynolds 

stresses. Some new ideas and results for this class of models will be presented. One such 

new idea is to take the anisotropy of the dissipation rate tensor into account. A model for 

this effect is developed and is found to be in good agreement with data from direct 

numerical simulations of various homogeneous flows. Through the use of spectral models 

we will then explore the behaviour of the modelled transport equation for the total 

dissipation rate. The results of these computations will also make it possible for us to stake 

out one of the limits inherent in all single-point models (such as the Reynolds stress 

transport models), viz. the dependence of the model parameters on the initial data. The 

development of better models for the dissipative effects in general, and those related to the 

anisotropy of the dissipation rate tensor in particular, may also be seen as important steps 

towards improved predictions of the return-to-isotropy processes in turbulent flows. 

BASIC EQUATIONS 

Here we will give an introduction to some of the basic ideas and equations that will be 

needed in the following discussion on various turbulence models. A more complete account 

of the basics of turbulence can be found in, e.g., Batchelor (1953), Hinze (1959), Tennekes 

& Lumley (1983) and Townsend (1976). 

In the following a standard tensor notation will be used (see, e.g., Brand 1962). The 

summation convention applies to repeated Latin indices whereas repeated Greek indices 

signify a diagonal component of the tensor. Where it is more convenient not to use tensor 

notation a bold typeface will signify a vector. 
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The Navier-Stokes and continuity equations 

We will begin by considering Newton's second law for a fluid element, with uniform and 

constant density p (i.e., an incompressible fluid), unaffected by externa! body forces. 

(1 .1) 

where 'Ui is the velocity vector and Sji is the stress in the i-direction acting on the surface 

element perpendicular to a normal vector in the j-direction. xi are the coordinates in an 

Eulerian Cartesian frame of reference. The tensor Sij can, for an incompressible Newtonian 

fluid, be written as 

�'ll. a'U .) 
S-· = -PB·· + µ -a 

I+ __J.
a IJ IJ Xj Xj (1 .2) 

where Pis the pressure andµ is the dynamic viscosity. Inserting (1.2) into (1.1) and using 

the mass-conservation or continuity equation, which in the case of an incompressible fluid 

reads 

gives us the well-known Navier-Stokes equations (µ is assumed to be constant) 

(a'U. a 'l1 ·) aP a2'U. 
__ I+ 'LJ __ I = - - + __ I p at ]0 ax· ax· µax-ax· J I J J 

(1 .3) 

(1.4) 

These equati.ons describe the change of momentum of a unit volume due to the pressure and 

viscous shear forces. 

Next we consider the work done by the stresses Sij per unit volume and time 

(1.5)  
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Using ( 1 .1) we obtain 

( 1 .6) 

i.e., the work done on the element is balanced by the rate of change in the kinetic energy, 

advection of kinetic energy and a third term which must represent the change in the elements 

interna! energy. This change of interna! energy can only be due to a dissipation of energy 

caused by the viscosity of the fluid. By  once again using (1.2) and (1 .3) we find that the 

dissipation rate per unit mass can be written as 

'E =�.::..__::_:i= V __ I __ I + __:_:_i S· ö'U. ö'll. (a'U. a 'U . ) 
p dXi dXj dXj dXi ( 1 .7) 

where v = µ/p denotes the kinematic viscosity. 

From (1.6) an equation for the kinetic energy may be derived. Using the definition of 'W 
and (1.2) one obtains 

We may now also derive equations for the kinetic energy associated with each velocity 

component. Multiplying (1.1) with 'U., adding the corresponding equation with i and j J 
interchanged and keeping (1 .5) in mind gives 

( 1.9) 

or, when introducing (1.2), 
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( 1 . 10) 

In correspondence with ( 1 .7) we see from the above expression that we can define a 

dissipation rate tensor as 

( l . 1 1 ) 

The second term on right hand side of ( 1 . 10) is a product of the pressure and the strain 

tensor. We note that this term disappears due to continuity when indices are contracted. The 

so called pressure-strain rate tensor hence changes the kinetic energy in the component 

'll
a. 

'll
a. 

but not the total kinetic energy. It thus signifies an intercomponent energy transfer. 

The equations for the mean andfluctuating pressure and velocity fields 

In order to more clearly see how the fluctuating quantities, the turbulence, interact with the 

mean quantities, the velocity and pressure fields will be divided into two parts, 

and P= 'I'+ p ( l . 1 2) 

where Ui and 'I' are the mean values of the velocity and pressure fields respectively, i.e., 

and 'I' = P ( 1 . 1 3) 

Here overbar denotes an ensemble average, i.e., an average over a large number of realiza

tions of the flow. If, as is the case in many experimental situations, the flow is quasi-steady 

a time average can be used instead of the ensemble average, and if the flow is homogeneous 

a space average may be used. The fluctuating (or turbulent) parts of the fields, ui and p, 

have the property 
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ui = 0 and p=O ( l . 1 4) 

Introducing this Reynolds decomposition ( 1 . 12) into the Navier-Stokes ( 1 .4) and conti

nuity ( 1 .3) equations and taking the average gives the equations for the mean velocity and 

pressure fields 

au. 
-'-0 
axi -

Here the operator 

( 1 . 1 5) 

( 1 . 1 6) 

( 1 . 17) 

denotes the total rate of change per unit time of a quantity when following the mean motion 

of the fluid. 

The quantity -puiuj is known as the Reynolds stress tensor. It has its origin in the non

linear, advective term of ( 1 .4) and describes the mean transfer of momentum caused by the 

velocity fluctuations. The appearance of this correlation of fluctuating quantities in the mean 

velocity equation is our first indication of the closure problem in turbulence, i.e., the 

impossibility to obtain a closed set of equations for any averaged quantity of the turbulent 

field. 

Subtracting ( 1 . 1 5) and ( 1 . 16) from the complete Navier-Stokes and continuity equations 

gives the equations for the fluctuating quantities 

( 1 . 1 8) 

( 1 . 1 9) 

We note that the mean and the fluctuating velocity fields both satisfy the continuity condition 

independently of each other. An equation for the fluctuating pressure can be obtained by 

taking the divergence of (l. 1 8) and using (l. 19) 



13 

(1.20) 

Multiplying (1. 15) with Ui and rewriting the terms as a divergence and a dissipation rate 

term we obtain the transport equation for the mean field kinetic energy 

Dto (-
2
1u.u.) = "'

a [- L 'l'U .o .. + v u. (�ui + 
a

"'
u ·) - u i uiuj] 1 1 OXj p 1 IJ 1 OXj OXj 

au. (au. a u .) au. 
v -1 

_
1 + -=--1 + u·u· _1 - ax· ax· ax· 1 J ax· J J 1 J 

( 1 .21) 

It is seen that the rate of change of the kinetic energy not only depends on the work done by 

the mean field stress tensor, the Reynolds stresses and the dissipation due to the mean field 

gradients, but also to a term coupling the Reynolds stresses and the mean velocity gradients. 

The character of this term can be understood by deriving the equation for the turbulent 

kinetic energy. Multiplying (1. 18) with Uj, and taking the average yields 

( 1 .22) 

The last term of (1 .22) is the same as the last of ( 1 .21 )  but with the opposite sign. This term 

thus describes the energy transferred between the mean and the fluctuating velocity fields 

and is usually referred to as the turbulent kinetic energy production term. 

The Reynolds stress transport equations 

The equations for the mean velocity field (l. 15) and ( 1 . 16) are not closed since they contain 

terms depending on the Reynolds stresses. A natural way to remedy this would be to derive 

the transport equations for the Reynolds stresses (RST-equations). If one multiplies ( 1 . 1 8) 

with uj, changes indices, adds the two expressions, takes the average and rearranges 

(keeping continuity in rnind) the terms in accordance with the discussion above about the 

expression for the dissipation rate tensor and the pressure-strain rate tensor of the total 

velocity field one arrives at 



14 

Du·u· .:::..::i..:::J - P· · - E· · + Il·· + d· · 0t - IJ IJ IJ IJ ( 1 .23) 

where Pij is the Reynolds stress production or generation tensor 

( 1 .24) 

Eij is the dissipation rate tensor 

( 1 .25) 

Ilij is the pressure-strain rate tensor that describes the energy transfer between the different 

stress components 

(1 .26) 

and dij is the transport or diffusion tensor 

d;; : -�J ; ( u;Bk;+u;Bki) +v ( ll; (� + �) + u i (� + ";.i;)) - u;u;uk ] 

(1 .27) 

It signifies a spatial redistribution of the stress components. 

The closure-problem once again manifests itself in that the RST-equations, which are of 

second order in Uj, contain various unknown correlations, e.g., third-order velocity 

correlations. Contracting indices in ( 1 .23) to (1 .27), using continuity in ( 1.26), and 

dividing by 2 returns ( 1 .22) which thus, with obvious notations, can be written 

Dk 1 1 1 - = - P·· - - E·· +- d·· = P - E + d Dt 2 Il 2 Il 2 n- ( 1 .28) 
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A question that has attracted some attention in  connection with the formulation of the 

RST-equations is whether the effects of the fluctuating pressure in the Reynolds stress 

transport equations should be written as above, i.e., 

n [au. du·] () [ 2. 
] 

..r:::.. -1 + .,,----J. + - - (u·Ök+u·Ök·) ()x. dX · dXk I J J I p J I p 

or as, which has been suggested by Lumley (1975), 

or as, which has been proposed by Mansour, Kim & Moin ( 1988) 

[ 1 [ � �] � 1 d -] � 1 d -- p u i dXj 
+ u j dXj - k p dXn 

pun - k p dXn 
pun 

( 1 .29) 

( 1 .30) 

( 1 . 3 1 )  

In all three expressions the first term has a zero trace and does not enter into the transport 

equation for the turbulent kinetic energy. The trace of the second term describes the net 

work done by the pressure. The actual choice between the above alternatives is of impor

tance when modelling of the RST-equations is attempted. 

By deriving the RST-equations in a somewhat different manner than outlined above, 

taking the starting point in the work done by the fluctuating quantities, Groth (1991) was 

able to show that the "classical" separation ( 1 .29) is the preferable choice. It was there 

shown that the terms in ( 1 .29) can be given clear physical interpretations. Two simple 

examples, one in two-dimensional turbulence and one in turbulence which has a homo

geneous direction, that both supported the use of expression (l.29) were also given. 

As an illustration of the relative importance of the different terms in the RST-equations 

data from hot-wire measurements by Hallbäck, Groth & Johansson ( 1989) are shown in 

figure 1 .  Here grid generated turbulence was subjected to the mean strain field of an axi

symmetric contraction (0 S x/Lo S 1) and then allowed to relax in a straight duct. We see 

that the production (P11) is negative in the contraction and zero in the straight duct (where 

there are no mean velocity gradients). The dissipation rate term (E11) is nearly constant and, 

of course, always removes energy from the stress component. In the nearly isotropic 
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FIGURE 1 The terms of the transport equation for the streamwise Reynolds stress on the 

centreline of an a.xisymmetric contraction (0 :::; xfLo:::; 1 )  and in a straight duct (xfLo > 1 )  

with zero mean velocity gradients. 

turbulence upstream of the contraction the pressure-strain rate term (IT 1 1) is nearly zero 

whereas it becomes positive in the contraction. The combined effect of all three terms leads 

to a decrease of the Reynolds stress in the contraction and gives a highly nonisotropic 

turbulence. This is al so clear from the fäet that IT 11 is positive in the straight duct which 

signifies a transfer of energy to the streamwise stress component from the two lateral 

components. 

The transport equations for the stress anisotropy measures 

An alternative way of presenting the information contained in the Reynolds stress transport 

equations is to complement the turbulent kinetic energy equation ( 1 .28) with equations for 

the stress anisotropy measures 

u·u· 2 
a··=.:::l.::J.--ö·· lJ - k 3 lJ 

These equations can be obtained from equations ( 1 .23) and ( 1 .28) and read 

( 1 . 32) 



where 

E·· 2 e·· =�--8·· 
IJ -

E 
3 IJ 
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(l.33) 

(l.34) 

are the dissipation rate anisotropies. Note that aij and eij are equal to zero in isotropic 

turbulence and also, as is clear from their definitions, that 

( 1 .35) 

Two other useful quantities when studying the degree and type of anisotropy of a turbulent 

field are the invariants Ila and Illa defined by 

and ( 1 .36) 

The first invariant of aij• aii, is of course zero. A given anisotropic state can be represented 

by a point in the anisotropy invariant map (AIM) first used by Lumley & Newman (1977). 

In regard to the AIM several comments can be roade. From figure 2 it is seen that all aniso

tropic states are confined within the region given by the straight line F = 0 and the curves 

Ax = ± 1  where 

and ( 1 .37) 

Fis a measure of how near the turbulence is the two-component limit, i.e., the limit when 

one of the diagonal stress components is void of energy. In this limit Fis zero and it reaches 

its maximum value of one when the turbulence is isotropic (Illa = Ila = 0). The parameter 

Ax is a measure of the axisymmetry of the turbulence. It is - 1  when one of the normal 

stresses has less energy than the two with equal amounts of energy. It is equal to unity 

when there is more energy in one normal stress than in the other (equal) ones. Note also that 

the three corners in the figure correspond to isotropy, axisymmetric two-component 
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Ila 

1 .8 

0.9 

0.0 +--�--+-�--,--.---.--�-.-�-.-�--.-�--i-
-0. 3 O.O 0.3 0.6 0.9 1 .2 1.5 Illa 1 .8 

FIGURE 2 The Reynolds stress anisotropy invariant map (AJM). 

turbulence (Illa= -2/9, Ila= 2/3) and one-component turbulence (Illa= 1 6/9, Ha= 8/3). 

From ( 1 .33) it is possible to derive evolution equations for the anisotropy invariants. 

(l.38) 

and 

(l.39) 

Since equations ( 1 .33), (l.38) and ( 1 .39) all focus on the deviation from the isotropic 

state they are all useful when trying to gain insight inta the mechanisms responsible for the 
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0.2 

0.0 

-0.2 

-0.4 

-0.6+-�-.-��....-����.....-�-.--�--.��....-�-.-��....-�-----
- 1 0 2 3 x/Lo 4 

FIGURE 3 The streamwise (au) and lateral (a22=a33) components of the Reynolds stress 

anisotropy tensor on the centreline of an axisymmetric contraction (0 � xfLo � 1) and in a 

straight duct (xfLo > 1) with zero mean velocity gradients . 

maintenance of anisotropy and for the retum to isotropy of the Reynolds stress tensor. 

In figure 3 the non-zero components of aij are shown in and downstream of an axi

symmetric contraction (hot-wire measurements by Hallbäck, Groth and Johansson). The 

slightly nonisotropic grid turbulence is relaxing towards isotropy when the effects of the 

contraction (cf. discussion in connection with figure 1 )  leads to a highly nonisotropic state. 

Note that au "" -0.5 at the end of the contraction, i.e., 90% of the energy is in the two 

lateral components. Downstream of the contraction the combined effect of the 

intercomponent energy transfer and the different dissipation rates gives a steady retum 

towards isotropy. 

The vorticity and enstrophy equations 

The vorticity equations can easily be obtained from the Navier-Stokes equations. If we 

introduce the Reynolds decomposition into ( 1 .4), take the curl, define the mean and 

fluctuating vorticity as (Eijk is the permutation tensor) 

and ( 1 .40) 
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and take the average we obtain the mean vorticity equation 

The transport equation for the fluctuating vorticity reads 

Dro. au. an. au. 
_1_n -'- u  -'+ ro -1 
Dt - j ax. j ax. j ax. 

J J J 

"'I [ ] a2ro. O ---- -- I + - (J)·U· - (J)·U· + (J)·U· - (J)·U· + V � dX· J I I J J I I J ox·ox· J J J 

(l.41 )  

(l.42) 

Multiplying (l.42) by 2roi and taking the average gives the equation for the enstrophy roiroi 

D(J)·ro· an. au. -au. I I 2 -- I 2-- I 2 r.. I --=- U·(J)· - + (!)·(!)· � + H.(J)·� Dt J 1 dX· 1 J ox· J 1ox· J J J 
( 1 .43) 

It is interesting to note that the enstrophy is related to the total dissipation rate. U sing 

(1 .40) and the definition of E one can easily show that 

[au. au. au. duk] au. auk v ro·ro· 
-

v 1 -1 - 1 - E - 2v 1 1 I - dxk dXk dxk dxi - axk dxi 
Using continuity the last term can be rewritten once more giving 

( 1 .44) 

( 1 .45) 

Under all normal circumstances the length scale on which mean quantities change is much 

larger than typical turbulence rnicro length scales. This implies that the last tenn in ( 1 .45) is 

much smaller than E, and that 
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( 1.46) 

Thus, the enstrophy can give a good estimate of the dissipation rate, and the transport 

equations (1.43) can be used to derive a model equation for the total dissipation rate. 

Simplifications for homogeneous turbulence 

Homogeneous turbulence is an idealized case of fluid motion where the statistical 

correlations are independent of the position in the fluid. There is no known method of 

realizing such a flow in an experimental situation, but there are many cases, such as grid 

turbulence, which are very nearly homogeneous. The approximation of homogeneity 

simplifies the study of turbulence in many ways; one is that spatial derivatives of the 

statistical correlations become identically zero. This makes it possible, e.g., to neglect the 

diffusion term in (1.23) and to concentrate the modelling efforts to the dissipation rate and 

pressure-strain rate terms. Homogeneous turbulence may also be regarded as an 

approximation for cases where all the turbulence length scales are much smaller than the 

scales on which the mean velocity and other statistical quantities vary. 

The equations for the Reynolds stresses in the case of a homogeneous turbulence read 

(1.47) 

where Pij and Tiij are defined as before ((1.24) and (1.26)), but the expression for the 

dissipation rate tensor is reduced to 

(1.48) 

The remaining terms drop out since, in a homogeneous turbulence, 

(1.49) 

Since the statistical averages in all terms in (1.47) are to be independent of the position it is 

seen from the definition of Pij (1.24) that the mean velocity field in homogeneous 

turbulence must be possible to express as 
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U·(x t) - C··(t) x· I ' - IJ J (l.50) 

Hence, the mean velocity gradients must be independent of the spatial position. (For a 

discussion of the restrictions that must be placed on the nine functions Ci/t) in order for the 

flow to remain homogeneous see Rogallo 1981.) 

One consequence of homogeneity is that the last term in (1.45) disappears, which shows 

that in homogeneous turbulence we have 

E = V roi roi (1. 51) 

The dissipation rate transport equations in homogeneous turbulence 

Even though it is quite straightforward to derive a generally valid transport equation for the 

dissipation rate tensor Eij from the equations for the fluctuating velocities it will here suffice 

to present the resulting equations in the homogeneous case. Differentiating (l.18) with 

respect to xk, multiplying by �. interchanging i and j and adding the two equations gives oXk 
(keeping (1.50) and the homogeneity condition in mind) 

Drii = (1.52) 

_ 2V ( � dUj [()Ur dU k] dUr dUj dUj dUr dUj dUj) 
dXk dXr dxk + ax;- + dxk dXk ax;- + dXk dXk dXr 

This in tum gives 

(1.53) 

where Pe is a mean velocity dependent "production" term 

(1.54) 
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DE is a viscous destruction term which, since it is always greater than zero, will tend to 

reduce E 

( 1 .55) 

WE is a vortex stretching related or "turbulent production" term 

( 1 .56) 

Some further useful parameters and concepts 

A turbulent flow may be characterized by many different non-dimensional numbers. We 

have already mentioned the quantities Ila, Illa, F and Ax which all serve to classify the 

degree and type of anisotropy in the Reynolds stress tensor. The turbulent Reynolds 

number, 

( 1 .57) 

is a measure of the range of length scales in the flow. A high value of Re A. implies that there 

is a large difference in size between the smallest and the largest eddies, and vice versa. 

Also, a high ReA. indicates that viscous effects has a minor role in the evolution of the 

turbulence. Conversely, a low value of ReA. signifies a large influence of the effects of the 

dissipation. Another important parameter is the mean strain rate parameter Si, 

where S = 2- and ( 1 .58) 

Sij is usually referred to as the mean strain rate tensor. The parameter Si can be interpreted 

as a ratio between a characteristic time scale of the turbulence and a time scale for the 

distortion by the mean velocity field. A large value of Si implies that the distortion of the 

turbulent field by the mean field is so rapid that effects of the turbulence upon itself can be 

neglected. Thus non-linear and viscous terms can be omitted in the equations for Uj, and 
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these equations may be solved by rapid distortion theory (see appendix). Another strain 

related quantity is the reference total strain 

( l . 59) 

which is a measure of the total strain imposed by the mean field. 

In the following we will mainly be concerned with three basic homogeneous turbulent 

flow situations. The first is the case of an axisymmetric strain. Here we have (note that 

since these are homogeneous flows S may only depend on time) 

(1. 60) 

Depending on whether S is positive or negative we may interpret this case as the flow on the 

centreline of an axisymmetric contraction or expansion. The second case is the plane strain 

for which 

aui 
=
[ � � � ] 

dXj 
0 0 -S 

(1.61) 

This is the flow in a duct in which the cross-section has a constant area, but changes shape. 

The last case is the homogeneous shear flow [ 0 s 0 ] 
aui 

= o o o 
dx· J 

0 0 0 

(1.62) 

This can be viewed as a generic case for all shear flows, such as wakes, jets, boundary 

layers and channel flows. 
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Finally we will consider two zero-trace, symmetric, second-rank tensors Aij and Bij and 

discuss two different ways of expressing Bij in Aij· This problem may arise, e.g., if we try 

to model the dissipation rate and pressure-strain rate terms by use of the Reynolds stress 

anisotropy tensor. In the first method we introduce two arbitrary vectors and examine the 

various invariant (scalar) quantities that can be formed by the vectors, Aij and Bij· It may 

then be shown (Lumley 1978) that the most general relation between the tensors reads 

( l . 63) 

Here 1;1and1;2 are two unknown functions of the invariants IIA and IIIA (and, of course, of 

all other scalar quantities that may be involved in the problem). We have thus established the 

correct tensor form for Bij and now only have to determine the scalar functions 1;1 and S2· 

In the second method use is made of a "Taylor-expansion" of Bij in Aij· This approach is 

discussed in detail in Hallbäck, Groth & Johansson (1990) and gives the following result. 

( 1.64) 

The model parameters Xi in this expression may not depend on the invariants IIA and IIIA of 

Aij· We see that (1.64) can be obtained from (1.63) by expanding 1;1 and s2 in two Taylor

expansions. The second method has the advantage that the relations between the coefficients 

in these two expansions is automatically given. 

GENERAL ASPECTS OF TURBULENCE MODELLING 

The fundamental problem in turbulence modelling arises when the engineer wishes to 

predict the mean velocity field in a certain flow situation, e.g., around a car or in a pipe 

system. Examination of the goveming equations (1.15) and (1.16) show that in order to be 

able to say something about the mean field, knowledge about the Reynolds stress tensor is 

needed. On writing the equations for the stresses, equations (1.23) to (1.27), it is 

discovered that they include unknown correlations of various kinds. The next step would be 

to derive transport equations for all these unknown correlations, but the new equations 

would include additional, unknown higher-order terms, and so on in an expanding 

hierarchy, i.e., a closure problem. To obtain a closed set of equations it is necessary to 
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terminate the hierarchy at some certain level and then to model the unknown correlations. 

Here, "to model" means to express an unknown quantity as a, usually algebraic, function of 

"known" quantities, i.e., such quantities that it has been decided to solve (modelled) 

transport equations for. 

The main choice then becomes to deterrnine on what level the equations are to be closed. 

In the mixing length and other so called zero-equation models only the transport equations 

for the mean fields are solved and the unknown stresses are algebraically related to the mean 

velocity gradients and the flow geometry. In the k-E-model, transport equations for the 

turbulent kinetic energy and the total dissipation rate are added to the closure and the 

stresses can be expressed in terms of algebraic functions of k and E as well as of the mean 

velocity gradients. Then, in RST-models the transport equations for the Reynolds stresses 

or equivalently those for the anisotropy measures aij are added on and the unknown 

correlations (Ilij• Eij and dij) may be expressed in aij• k, E and the mean velocity gradients. 

Of course the computational work will increase as the models are allowed to include more 

and more transport equations, but it is also reasonable to believe that the accuracy of the 

model predictions will increase since it will be possible to take into account a larger number 

of the different physical processes that are involved. 

A clear understanding of these physical processes is needed when trying to design new 

turbulence models. This knowledge is usually acquired through experiments. However, 

there are many difficulties and problems to overcome before undisputable experimental data 

can be presented. Today there also exists a complement to physical experiments that may be 

used in the study of turbulent flows. This is the method of directly solving the complete 

fully time-dependent Navier-Stokes and continuity equations (equations (1.4) and (1.3)) 

with a numerical scheme. If what we compute is to be a representation of a real turbulent 

flow we have to consider two problems. On one hand we have to be able to resolve all 

scales of the turbulent flow, down to the small dissipative scales. On the other hand we 

must have a sufficiently large computational domain to obtain accurate statistical data, even 

for the largest of the eddies. For a given computer memory size (a given number of 

computational nodes) this means that the range between the largest and the smallest eddy is 

limited. This in tum implies that the turbulent Reynolds number even on the largest 

computers used today is restricted to a few hundred, whereas in a laboratory experiment it 

may be from around 103 to 104. Also, both the computer memory needed and the 

computational time used increase rapidly with the Reynolds number. This shows that direct 

numerical simulations (DNS) neither is, nor will it be for the next decades, a tool for use in 

the engineering applications with their complex geometries, large Reynolds numbers and 

other complications such as chemical reactions. Rather it should be seen as a research 
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instrument in more fundamental studies. For a more complete discussion on the direct 

simulation technique the reader is referred to, e.g., the review papers by Orszag & Israeli 

(1974) and Rogallo & Moin (1984). More concrete accounts on how to implement a spectral 

code for simulation of homogeneous turbulence are given in Rogallo ( 1981) and Lee & 
Reynolds ( 1985) .  

I f  we are aware of these !imitations DNS is a powerful tool for studies of turbulent 

flows. As opposed to the situation in physical experiments we in these "numerical 

experiments" have access to the complete velocity and pressure fields in the whole domain 

at all times. This means that not only are we able to study the instantaneous flow field, and 

thereby the structure of the turbulence, but also that we may compute any desired 

correlation. For example, the pressure-strain rate correlations are easily obtained from the 

simulation data but are impossible to measure directly, at least with present day hot-wire 

technique. Regarding measurements of the pressure-strain rate terms it might be mentioned 

that at the Chalmers University of Technology in Gothenburg a novel measurement 

technique is being tested were use is made of double-chip silicon based sensors (Löfdahl, 

Stemme, Johansson & Jernqvist 1991) .  On these probes it might be possible to combine 

pressure and velocity sensors mak:ing direct measurements of rrij feasible. 

To summarize, in order to devise functional turbulence models, at whatever level of 

closure that has been chosen, sufficient knowledge about the turbulence and the different 

physical phenomena involved in its development is required. This knowledge can be 

obtained through physical and/or numerical experiments combined with mathematical 

analysis of the underlying equations. Physical intuition and luck are of course also useful. 

Theoretical considerations 

It is usually desirable that a turbulence model should be applicable to as wide a range of 

flow situations as possible. To this end it is crucial to ensure that the model mimics as many 

of the properties of the original quantity as possible. Some of these can only be studied 

through experiments but many important properties can be extracted through pure theoretical 

considerations. 

One basic property is of course that the model should be dimensionally consistent with 

the original term. Another, very important one, comes from the fäet that, in a non-inertial 

frame of reference, that may undergo arbitrary time-dependent accelerations and rotations, 

the equations for the fluctuating velocities are directly affected only by the Coriolis 

acceleration. The Eulerian, centrifugal and the translational accelerations enter only 

indirectly via their influence on the mean velocity field. It follows that the turbulence models 
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should be form invariant under an extended Galilean transform, i.e., one that allows for 

arbitrary accelerations of the frame of reference (Speziale 1989). 

How the terms in the RST-equations that are related to the Coriolis acceleration should be 

interpreted has been thoroughly discussed by Ekander ( 1988). It is shown that "if the 

production and the advection [ of the Reynolds stresses] in a rotating frame of reference shall 

take the correct values when transformed to a stationary frame of reference, the Coriolis 

term ... should be equally split between the advection and the production terms." This 

finding is of considerable importance since, as will be seen below, in common RST-models 

the production term, Pij • is used in the models of the pressure-strain rate term, rrij· 
A related requirement is that of coordinate invariance, i.e., that in a certain frame of 

reference our predictions should be independent of the coordinate system used. This 

property is important if a mode! is derived in a simple geometry and then is to be applied in, 

say, a problem formulated in curvlinear coordinates. This condition can be fulfilled by 

formulating the models in a correct tensor form. This tensor form must also exhibit all 

simple tensor features of the original term, such as symmetry or anti-symmetry in the tensor 

indices, zero trace etc. 

Furthermore, a generally valid mode! should conform to the realizability prindple 

introduced by Schumann ( 1977) and further developed by Lumley ( 1978) and Pope ( 1985). 

Pope distinguished between two different kinds of realizability, viz. weak realizability and 

strong realizability. The weak realizability principle states that if a physical quantity satisfies 

an inequality, such as always being positive, then the values for that quantity obtained from 

a certain model should satisfy the same inequality. The strong realizability principle states 

that if a physical quantity is in an extreme state then the rate of change of this quantity must 

be zero. If this is not the case the quantity was either beyond the extreme state just before it 

reached there, or it will go beyond the extreme state just after it leaves this state, or the 

quantity is not continuous. An example is given by the diagonal elements in the Reynolds 

stress tensor. These, the turbulent kinetic energies in the three coordinate directions, are 

always greater than or equal to zero. Thus, the strong realizability principle requires that 

Duaua _o Dt - when UaUa = 0 (2. 1 )  

This result should also be given by the turbulence mode!. Similar conditions of course also 

holds for the turbulent kinetic energy, the total dissipation rate etc. However, consider a 

mode! for which 
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(2.2) 

Such a model will not violate the strong realizability principle but it will prevent the stress 
from ever reaching an extreme state. However, extreme states are approached, e.g.,  in an 
axisymmetric contraction where the streamwise stress component is diminished and, if Si is 
sufficiently large, becomes very nearly zero. Pope therefore introduced the principle of the 
accessibility of the extreme states. According to this principle extreme states should be 
possible to reach, from which it follows that the model under consideration must fulfil (2. 1 )  

(and not (2.2)). 

Since we will mainly be working with models based on the RST-equations some of the 
implications for such models of the realizability principle will be pointed out next. First, we 
note that since the Reynolds stress tensor is symmetric we may transform the RST
equations to a coordinate system were the stress tensor will contain only diagonal elements. 
It has been shown (Lumley 197 8) that if realizability is satisfied in this system it is satisfied 
in all coordinate systems. Now it is easily seen from the definition of Pij that Paa is zero 
when the corresponding Reynolds stress is zero. From condition (2. 1 )  it then follows that 
the (a,a)-component of the sum of the mod.els for the dissipation rate, the pressure-strain 
rate and the diffusion term must also be equal to zero. In homogeneous turbulence further 
conclusions may be drawn. If a diagonal stress component is equal to zero, it must, due to 
homogeneity, be zero in all points in space. From this follows that all spatial derivatives are 
equal to zero and that, in homogeneous turbulence, 

Eaa = Tiaa = 0 when uaua = 0 (2.3) 

or 

and Tiaa = 0 when (2.4) 

The last thing that we will demand of the generally valid mod.el is that it should show the 
same behaviour as the original term under certain lirniting conditions. An example of this is 
that when the mean strain rate parameter becomes large the mod.el predictions should be in 
agreement with the rapid distortion theory. Other examples are found in Speziale ( 1989) 

where it is shown that all frame dependent effects in the turbulence (and thus also in the 
mod.el) must vanish in the two-component limit, that statistically steady turbulence in a 
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rapidly rotating frame must be two-dimensional (away from the walls) and that initially 
isotropic turbulence subjected to a sudden rapid rotation will undergo a linearly viscous 
decay. 

Validation of turbulence modets 

When a turbulence model has been developed its ability to predict the behaviour of different 
turbulent flows needs to be assessed. Traditionally this evaluation has been done by 
incorporating the proposed model in a complete closure and then comparing the predictions 
of the closure with experimental data of such quantities as the mean velocity field and the 
Reynolds stresses. This has been, and still is in complex situations, the natural way since 
many of the terms that are to be modelled, such as pressure-velocity field interactions and 
higher order correlations of derivatives of the fluctuating velocities, are nearly impossible to 
measure. However, the disadvantage of this method is that it will not be clear to what term 
in the closure the agreement or disagreement is to be ascribed. Today, with improved 
measurement techniques (from laser doppler anemometry to powerful digital acquisition 
boards) and the advent of computers for direct numerical simulations another way has been 
opened. Here, the idea is to compare the model with data for the exact term obtained from 
numerical simulations or experiments. For a further discussion on the subject of how to 
design physical experiments for term-to-term comparisons with turbulence models see 
George & Taulbee (1990). 

An example of how DNS can be used to evaluate models for the RST- and e-equations is 
given in the paper by Mansour, Kim & Moin ( 1988) were a turbulent channel flow is 
studied. It is however important once again to be reminded of the fäet that the DNS are 
carried out at fairly low Reynolds numbers. The conclusions drawn may thus not be 
possible to apply at higher Reynolds numbers (see the discussion below about the "slow" 
pressure-strain rate term and the modelling of the total dissipation rate equation). An 
interesting development in the field of direct numerical simulations is the use of massively 
parallel computers. These machines give a high performance (high Reynolds numbers) at a 
substantially lower price than conventional machines such as the CRA Y-machines. Another 
use of direct numerical simulation data is to study not the averaged but the instantaneous 
transport equations. In this way detailed knowledge about the structure of the turbulent flow 
may be gained, knowledge that may then be used to improve the turbulence models. 
Examples of this will be given below. 
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I n  the evaluation of a proposed model it i s  also possible to use two-point or spectral 
methods. In these the turbulence equations are usually transformed to Fourier space which 
gives new insights (and new problems). 

Thus, only the use of a careful blend of spectral methods, direct numerical simulations 
and physical experiments, and a continuous exchange of results and conclusions between 
these and the predictions of the proposed mode! will enable the development of generally 
valid turbulence models for use in the engineering applications. 

SINGLE-POINT MODELS 

This chapter is concemed with turbulence models in which all quantities are single-point 
statistical correlations of the flow variables. In these models it is implicitly assumed that the 
quantities under consideration depend on a single length scale only. A priori, turbulence is a 
multiple length scale problem which implies that use should be made of the two-point 
correlations and models based thereupon. Such two-point or spectral models, which will be 
discussed in the next chapter, are in most cases far to complex to be used in the engineering 
applications. If, however, one assumes a self-similar behaviour of the spectra it may be 
shown that a single-point formalism will suffice. The collected experience of single-point 
models has shown that the deviations from self-similarity of the spectra normally does not 
have a primary influence on the development of single-point moments in turbulent flows. In 
the special cases of decaying isotropic turbulence and of turbulence in a homogeneous shear 
George ( 1987) and George & Gibson ( 1989) have shown that the Navier-Stokes equations 
allow self-sirnilar solutions. They also found that these solutions "automatically" yield a 
number of the experimentally observed features of the two turbulent flows such as an 
exponential growth of the kinetic energy with time in homogeneous shear. Hence, both 
experience and theory seem to give good hope for accurate predictions of many turbulent 
flows by use of single-point models. One should, however, remember that in certain flow 
situations or when studying certain mechanisms of the turbulent flow single-point models 
will not contain enough information and two-point models are needed. An example of this 
will be given below in connection with the modelling of the total dissipation rate equation. It 
is also often assumed that "memory effects" can be accounted for in the models, not through 
time integrals over the flow history, but through the dependence on various flow quantities 
that now have a certain value due to the flow history. Thus the models now under 
consideration can be written as systems of equations (algebraic or differential) for functions 
f(x,t) and are usually called (single-time) single-point models. 
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We shall begin with a short discussion of some of the simple single-point models that are 

based on the eddy-viscosity concept. These models have been, and are still, used 

extensively, and often with great success, in the engineering applications. For example, 

many of the today commercially available codes for flow computations use the k-E-model. 

The simple models usually work very well in the flow situation for which they have been 

developed. However, since they in many cases do not fulfil the basic theoretical constraints 

given above the use of such a model in a new and unknown flow situation may give rise to 

unexpected errors. Also, sometimes a simple model altogether lacks the ability to account 

for a certain phenomenon. Thus, effects of rotation cannot be accounted for by the k-E

model since the Coriolis force appears neither in the turbulent kinetic energy equation nor in 

the "standard" model of the total dissipation rate transport equation (see, e.g., Ekander 

( 1988) for an illustrative example of the lack of differences between k-E-predictions in 

rotating and non-rotating channel flows). 

The natural way to proceed to more elaborate models is to use the transport equations for 

the individual stresses in conjunction with the mean velocity equations. This will not only, 

hopefully, give better predictions of the mean quantities but will al so make it possible to get 

more detailed information about the distribution and development of the turbulent quantities. 

Studying the RST-equations ( 1 .23) one notices that only the first term (the production term 

Pij) is expressed solely in known correlations. The other three terms need modelling. 

Models for these terms is the main concern of this paper, and especially how information 

obtained in homogeneous flow situations may be used to improve such models. We will 

therefore carefully exarnine closure proposals for the dissipation rate term and the pressure

strain rate term whereas models for the diffusion terms, near-wall effects and other non

homogeneous phenomena will only briefly, and perhaps somewhat incompletely, be 

presented. In a complete RST-closure an equation that contains information about a 

turbulent length or time scale is also needed. The equation usually chosen for this is the 

transport equation for the total dissipation rate. The modelling of this equation, which in 

homogeneous turbulence contains three unclosed terms, will also be considered. 

Since the field of turbulence modelling is in a state of rapid development there exists very 

few, if any, textbooks that are both complete and up-to-date. The book by Launder & 
Spalding ( 1972) is mainly concerned with zero-, one- and two-equation eddy-viscosity 

models. Rodi ( 1980) gives an account of both eddy-viscosity and RST-models and presents 

comparisons between data from a number of flow situations and different forms of the k-E

model. Further comparisons between data and the k-E-model can be found in, e.g., Rodi 

( 1990). A more recent review of different single-point closures is given in Speziale ( 1991). 
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The eddy-viscosity concept 

If one compares how the Reynolds stresses and the viscous shear stresses enter into the 

equations for the mean velocity field (expression (1 . 15)) it seems rather tempting to assume 

that the Reynolds stresses can be modelled as proportional to the mean velocity gradients. 

This idea was first put forward by Boussinesq ( 1 877) and proved to be a solid foundation 

for a wide class of turbulence models. The approximation reads 

(au· au ·) 2 - u·u· =v � + ? - - k o·· I J t OX; ox· 3 IJ J I 
or a 

. .  _ Yt (aUi + a u  j) 
IJ - - k axj axi (3. 1 )  

Here, Yt i s  the "apparent" or "turbulent" or "eddy"-viscosity. The addition on the right hand 

side of the turbulent kinetic energy is to give the model the correct trace. The inclusion of 

this, within the model unknown, quantity does not lead to any serious problems since it can 

be absorbed in the pressure gradient term. 

If we use the Boussinesq-approximation our attention is shifted from prescribing the 

stresses to prescribing Yt· As opposed to the molecular viscosity, the eddy-viscosity is a 

property, not of the fluid, but of the flow and might be expected to vary not only between 

different flows but also within a certain flow (e.g., as a wall is approached). One very basic 

simplification, already used in (3. 1 ) ,  is that the eddy-viscosity is assumed to be equal in all 

directions of space. However, there are certain cases, such as turbulence in a shallow 

ocean, where different eddy-viscosities have been used in the vertical and horizontal 

directions. 

Since it seems rather difficult to develop any physical insight into the nature of the eddy

viscosity itself this quantity is usually divided into a product of two more easily interpreted 

quantities, viz. the turbulent velocity scale u* and the turbulent length scale L*. We may 

write 

* L* Yt oc U (3.2) 

Eddy-viscosity models can be divided into three sub-groups depending on how many 

transport equations that are used to prescribe the turbulent se ales u * and L *. In zero

equation models the eddy-viscosity is directly related to the mean velocity field and the 

geometry of the flow. In one-equation models a single transport equation is used, usually u* 

(oc -{k) is determined from a modelled version of the k-equation. Finally, in two-equation 

models transport equations are used to determine both k and L*, or k and a combination Z 

of k and L*. 
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Since the eddy-viscosity concept is a very simple ansatz for the turbulent stresses models 
based on this idea of course have some serious !imitations. For example, all eddy-viscosity 
models will, cf. expression (3. 1 ), predict isotropic turbulence if the mean flow is constant 
in space. This is clearly not always the case as can be seen in figure 3. Thus, the question of 
a return to isotropy is rather meaningless in the context of eddy-viscosity models. 

Zero-equation models 

The crudest zero-equation model is to assume that vt is a constant, which, since such a 
model says nothing about the structure of the turbulence, hardly can be regarded as a 
turbulence model. The first attempt to describe the variation of the eddy-viscosity was made 
by Prandtl ( 1925). His line of reasoning was that when a fluid element in a simple shear 
flow, Ui = U(y) öil •  is displaced in the lateral direction it will have a different streamwise 
velocity than the surrounding fluid. This velocity difference is approximately given by the 
length of the displacement times the mean velocity gradient. Prandtl then assumed that the 
vertical velocity scale is proportional to the streamwise velocity perturbation. The resulting 
model may be written 

(3.3) 

where lm is the "mixing length".  This may be generalized for more complex flow situations 
as 

v = 12 [(aui + a ui) aui] 112 
t m dx· dx· dx · J I J 

(3.4) 

We now have to find a way to determine the value of lm. In free shear layers the rnixing 
length has often been assumed to be proportional to the width ö, defined in some 
appropriate way, of the layer. After having analysed data from a large number of 
experiments Escudier ( 1966) was able to conclude that in wall bounded flows the 
distribution of lm can be described by a simple ramp function (y is the distance from the 
wall) 

for A.ö 
y � -

cr 
and lm = A. Ö for A.ö y > -

cr 
(3.5) 
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where the empirical constants are usually taken to be cr = 0.4 1 (the von Karman constant) 
and A. = 0.09. Assuming a linear shear stress distribution and using a measured mean 
velocity profile Nikuradse (1932) was able to derive an expression for the mixing length 
which appears to be valid in both channel and pipe flow, 

(3.6) 

where R is  the radius of the pipe or the half-width of the channel. However, both the 
Escudier and the Nikuradse formula need to be modified in the very near wall region where, 
due to the damping effect of the wall, the assumption that the vertical velocity scale is 
proportional to the streamwise velocity perturbation no longer holds. This modification is 
commonly done by introducing a van Driest's (1956) damping function. Thus, in the near 
wall region we have 

where l* = v � (3.7) 

As a rule of thumb the viscous length scale I* (which depends on the wall shear stress 'tw) is 
of the order 1 o-3 smaller than ö and R. The mode! eons tant A is approximately equal to 26. 

The last example to be given here is the proposal for lm given by von Karman (1930). In 
an attempt to remove the need to prescribe different mixing lengths in different flow 
situations von Karman wrote 

_ l au l  l a2u 1 -1 lm 
-

cr ay ay2 (3 .8)  

This model agrees well with experiments in wall-bounded flows but for flows with an 
inflexion point, such as jets and wakes, or in a homogeneous mean flow, it will give an 
infinite mixing length. For a further discussion on different mixing length models see 
Schlichting ( 1969 ch. XIX). We finally note that in homogeneous flows there is no natural 
way to relate a mixing length to the (infinite) geometry of the flow. Indeed, zero-equation 
models are most useful in simple shear flows. 
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One-equation models 

When effects of convective and diffusive transport of the turbulence becomes significant or 
when the history of the flow is important, as in unsteady flows, the need arises for more 
refined turbulence models. This is accomplished by using the transport equation for the 
turbulent kinetic energy to determine the turbulence velocity scale. We may write 

(3.9) 

where cµ is an empirical parameter. In the equation for k (expression (1 .28)) the transport 
term and dissipation rate term need to be modelled in order to obtain a closed set of 
equations. If we assume that the diffusion of k is proportional to the gradient of k and use a 
purely dimensional argument for the dissipation rate term we obtain 

Dk (auj a u .)au i k3/2 a [vt ak ] -- v - + :....:::J. - c -- + - - -Dt - t Öx · Öx · Öx · - D L* dX· Öx · J I J J (Jk J 
(3. 1 0) 

To determine the length scale similar methods to those described above regarding the mixing 
length are used. However, in those flow situations where it is "easy" to prescribe a length 
scale the computationally simpler mixing length models usually give as good results as the 
one-equation models. In more complex flows, on the other hand, it is hard to find a natura! 
way to relate the length scale to the flow geometry. Our interest thus automatically tums 
toward two-equation models. 

Two-equation models 

That a transport equation for the length scale can indeed be devised is clear from the fäet that 
L * is subjected to the same mechanisms as the turbulent velocity scale. For example, in grid 
turbulence the characteristic length scale at a certain point depends on the size of the eddies 
generated by the grid and convected downstream to the point. Dissipation tends to eliminate 
the smallest eddies and thereby cause an increase in the characteristic scale. A mean velocity 
gradient may also stretch the eddies and "produce larger scales".  This is the case in an axi
symmetric contraction where the fluid elements become elongated in the streamwise 
direction. 

In many two-equation models it is not an equation for the length scale L * itself that is 
used, but rather an equation for a combined quantity 
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(3. 1 1 ) 

A transport equation for Z can be derived either directly from the Navier-Stokes equations, 
with appropriate model assumptions of the unclosed terms, or through more heuristic 
reasoning. It tums out that all such equations can be written on the form 

oz z "'1k. a [-vk L * az] 
Dt = cz1 k P - cz2 ZL* + er-: -- ;r-: + Sz XJ <Jz XJ 

(3 . 1 2) 

Here the first term on the right hand side is a mean velocity dependent production term, the 
second is a dissipation rate term and the third a diffusion term. The fourth term is a source 
term that has different forms depending on the choice of Z. czi .  cz2 and crz are model 
parameters. A transport equation for Z = L* has been thoroughly discussed by Rotta 
(195 1b). Chou ( 1945), on the other hand, derives an equation for Z = k (L*r2 where L* is 
identified as the Taylor microscale. 

The most useful combination of k and L* has turned out to be that which makes it 
possible to interpret Z as the total dissipation rate. In this case we have Z = E oc k3/2 (L *r 1 . 
This special choice of the velocity and length scales gives the well-known k-E-model, the 
most utilized of all two-equation models. From (3.2) we see that the eddy-viscosity may be 
written as 

(3 . 1 3) 

The development of k is given by a modelled transport equation sirnilar to equation (3. 10) 

Dk - v (aui + a u  i)aui E + �[v1 ok] 
Dt - t ox· ox· ox· - OX · ox· J I J J (Jk J 

and the modelled E-equation is given by (cf. equation (3. 1 2)) 

DE _ c• � V (oUi + o U  i)oUi c' E2 + �[v1 oE] 
Dt - el k t ox· OX· ox· - e2 k OX· ox · J I J J <Je J 

(3 . 14) 

(3. 1 5) 

The "standard" values of the parameters in the k-E-model are cµ = 0.09, cE:i = 1 .44, cf,2 = 
1 .92, <Jk = 1 .0 and <Je = 1 .3. The model parameter Cµ can be evaluated from experimental 
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or numerical data. From (3. 1) and (3.13) together with the definition of Si it is clear that we 
may write 

1 - rg; 
Cµ = Si \.J l  (3. 16) 

Expression (3. 16) suggests that a simple way to improve the predictive capability of the k
e-model could be to include, and solve, a modelled transport equation for the invariant Ila in 
the closure. This three-equation model would still have four differential equations less to 
solve than would a complete RST-closure. 

Models based on the Reynolds stress transport equations 

Among the first to use to the RST-equations for turbulence modelling were Chou (1945) 

and Rotta ( 195 1a). Rotta presented the first, and to this day most used, model for the 
"slow" pressure-strain rate term and both Rotta and Chou showed how a model for the 
"rapid" pressure-strain term may be derived. Other basic references on RST-models are 
Hanjalic & Launder ( 1972, 1976) and Launder, Reece & Rodi ( 1975). These three papers 
can be viewed as the beginning of the actual use of RST-models to predict the development 
of turbulent flows. Also, what is sometimes referred to as the "standard" RST-model is 
derived in these papers. The paper by Lumley ( 1978) is another basic reference in which a 
solid mathematical foundation is laid, upon which RST-models may be built. A more recent 
paper is Launder ( 1989) in which the past, present and future of RST-closures are 
discussed. 

The dissipation rate term 

The dissipation rate tensor Ei.j is one of the terms in the RST-equations that need modelling. 
U se has not yet been made of the transport equations for this tensor in the modelling efforts. 
As can be seen from equation ( 1 .52) they contain, even in the homogeneous case, many 
complicated terms. Modelling Eij through an approach of these equations has thus not been 
seen as a feasible alternative. Also, the individual terms in ( 1 .52) are probably nearly 
impossible to measure making it difficult to validate a proposed model. Instead the 
modelling efforts have focused on the possibility of expressing the dissipation rate tensor in 
quantities contained in the normal RST-formulation, i.e., k, e, aij and the various non
dimensional parameters of the flow. 
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The simplest mode! for Sj is based on the concept of local isotropy (see, e.g., Tennekes 
& Lumley 1983 ch. 8). The main idea is that the anisotropic character of the !arge energetic 
eddies, which is due to !arge scale influences such as mean velocity gradients and walls, is 
!ost when energy is passed on to smaller scales through the so called energy cascade. In this 
process the sense of direction is thought to be !ost since a small eddy is stretched mainly by 
somewhat larger eddies whose strain-rate fields change direction in time. Thus the small 
scales, i.e the scales that contribute most to the dissipation, should, according to this line of 
reasoning, be nearly isotropic and the mode! that follows is 

2 E· ·  =- E Ö · ·  IJ 3 IJ or e· ·  = 0 IJ (3 . 17) 

This is the most commonly used mode! for Eij- Since the mode! implies that the diagonal 
stress components always have non-zero dissipation rates, even for a diagonal stress 
component with zero energy in homogeneous turbulence, it is immediately clear that it is not 
compatible with the strong realizability condition. However, there are also other indications 
that a more complete mode! is needed to give accurate predictions in practical situations. 

In the DNS carried out by Rogallo ( 198 1 )  turbulence subjected to various homogeneous 
strain fields were studied. A wide range of strain rate parameters and Reynolds numbers 
were covered. In all these cases the dissipation rate tensor was found to have a significant 
degree of anisotropy, actually of the same order as that of the stress tensor. Similar 
tendencies have been found in many other simulations of homogeneous turbulence, e.g., by 
Schumann & Patterson ( 1978) in axisymmetric turbulence relaxing towards isotropy, by 
Feiereisen, Shirani, Ferziger & Reynolds ( 1982) in a homogeneous shear flow and by Lee 
& Reynolds ( 1985) in their extensive investigation of irrotationally strained and relaxing 
homogeneous turbulence. The same high degree of anisotropy of the dissipation rate tensor 
is also found in the inhomogeneous case of a turbulent channel flow analyzed by Mansour, 
Kim & Moin ( 1988). The effects of a constant mean temperature gradient on homogeneous 
turbulence has been studied using DNS by Gerz, Schumann & Elghobashi ( 1989). They 
find that not only the shear but also the buoyancy forces create anisotropy on the small 
scales leading once again to an anisotropic dissipation rate tensor. 

The main objection to these findings is that the simulations are, due to !imitations in 
computer memory and speed, restricted to fairly low Reynolds numbers (ReA being less 
than a few hundred). Thus, it is argued, the size of large energetic eddies will not be very 
different from the size of the small dissipative eddies, the energy cascade will be short and 
the sense of direction will not be lost. Then at sufficiently high ReA, which are the only 
ones relevant in engineering applications, the isotropic mode! (3 . 1 7) would be 
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approximately correct (except for the violation of the realizability condition). There are , 

however , other types of numerical simulations that point towards certain mechanisms 

connected to the non -linear terms in the Navier -Stokes equations which will be present, and 

important, independent of the value of ReA-

Brasseur & Corrsin (1987) made simulations of the inviscid , zero mean velocity Fourier 

transformed Navier-Stokes equations . Initially the ener gy was non-zero only in one triad (a 

triad is made up of three wave-number vectors whose sum is zero) and the development of 

this triad and how ener gy is transferred to new triads was studied . It was found that triads 

in which all wave -number vectors are of approximately the same ma gnitude , so called local 

triads, evolve in a manner consistent with the idea of an energy cascade . However , in non

local triads , where we have one low and two hi gh wave-numbers , the low wave -number 

has a stron g effect on the development of the hi gh wave -numbers. While the ener gy in the 

low wave-number remains nearly unchan ged it af fects the amount of ener gy transferred 

from the two hi gh wave -numbers , and also which nearby hi gh wave -numbers that receive 

this ener gy .  This non-local interaction is an indication that the dissipation rate can indeed be 

anisotropic even at hi gh turbulent Reynolds numbers since the l arge ener getic scales, so to 

speak, directly controls the behaviour of the dissipative scales . 

Studyin g simulations of the development of a complete spectrum in isotropic decayin g 

turbulence Domaradzki (1988) found that the ener gy transfer is mainly local, i .e ., from a 

wave -number to wave -numbers nearby , but that the non -local triads can modify this 

transfer . In a followin g paper (Domaradzki & Ro gallo 1990) this observation was 

confirmed and extended to high ReA by using the EDQNM-approximation (see below in the 

chapter on two-point models). Also, Yeun g & Brasseur ( 1990) simulated isotropic 

turbulence being forced in the energy containin g, low wave-number , range of the spec trum . 

Durin g nonisotropic forcing the non-local interactions lead to a high de gree of anisotropy in 

the hi gh wave -num ber ran ge .  All these numerical simulations indicate the existence of a ,  as 

yet not in detail understood, influence of non -local triads on the ener gy transfer that is 

inconsistent with the classical idea of local isotropy . 

This "local nonisotropy " of the dissipative scales has moreover been experimentally 

observed whereas only indications of a nonisotropic ch aracter of the dissipation rate tensor 

exist . lndications , because there exists no experimental work where all the dif ferent terms of 

the dissipation rate tensor have been measured. The reason for this is that spatial derivatives 

of a velocity component are always difficult to measure and some combinations (like 

correlations between the lateral derivatives of the two lateral vel ocities) require very 

complicated probe confi gurations (if hot-wire anemometry is to be used). Those velocity 
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derivative correlations and components of the dissipation rate tensor that have been 

measured all support the notion of nonisotropy on the small scales. 

Hot-wire measurements by Uberoi ( 1956, 1957) in axisymmetric nozzles, and in a 

boundary layer, showed significant departure from the isotropic relations (see, e.g., Hinze 

1959 ch. 3.2) for some of the spatial derivative correlations that contribute to the dissipation 

rate tensor. There were also indications that this anisotropy depends less on the Reynolds 

number than on the strain rate being imposed on the turbulence. The same trends were 

found by Champagne, Harris & Corrsin (1970) in a nearly homogeneous shear flow and in 

the measurements by Browne, Antonia & Shah ( 1987) in the self-preserving wake of a 

circular cylinder. In the latter work nearly all velocity gradient correlations needed to 

calculate E were measured and the remaining terms were estimated to be small. A !arge 

discrepancy between the measured total dissipation rate and that computed under the 

assumption of local isotropy was found, and it was suggested that this nonisotropic 

character of the total dissipation rate was due to an influence on the small scales by the !arge 

anisotropic scales. Using the same measurements Antonia, Shah & Browne ( 1987) then 

checked if the concept of local isotropy was violated at the spectral level. It was found that 

the one-dimensional spectra of the lateral derivatives of the lateral fluctuating velocities 

exhibited a high degree of nonisotropy even at relatively high wave-numbers. 

Hussein & George ( 1989) studied an axisymmetric jet by use of a flying hot-wire 

technique. In a high turbulence leve! flow this technique is needed in order to minimize the 

errors arising from cross-flows and a fluctuating advection velocity. One of the objectives 

of the study was to make direct measurements of the three diagonal terms of the dissipation 

rate tensor. It is clear from ( 1 .48) that this implies that nine different velocity derivative 

correlations need to be measured (it is also clear that determination of the three off-diagonal 

components of Eij requires an additional nine correlations to be measured). If the flow field 

has, in a statistical sense, an axis of symmetry only four of the totally 45 possible velocity 

derivative correlations are independent (see, e.g., George & Hussein 1990). A number of 

these correlations were measured by Hussein and George and all were found to conform to 

the axisymmetric relations. This experiment shows that the large scale flow (a jet exiting 

from an axisymmetric pipe) may have a direct influence on the structure of the small scale 

turbulence and thereby on the anisotropy of the dissipation rate tensor. The data also 

showed that the assumption of locally isotropic turbulence (in which case only one velocity 

derivative correlation is independent and needs to be measured) overpredicts the dissipation 

rate of the streamwise Reynolds stress component by approximately 1 0% on the jet 

centreline whereas it is underpredicted by as much as 40% near the jet edge. It might also be 

mentioned that in an attempt to analyze how the performance of various hot-wire probes are 
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affected by probe geometry and dynamical factors, such as tangential cooling, Hallbäck 

(private comrnunication) found that there exists a risk that the AXI-probe used by Hussein 

and George measures a combination of the sought-after quantities instead of the quantities 

themselves. This rnight lead to difficulties in the evaluation of the experiments and even to a 

rnisinterpretations of the data. 

Another case, were serious effects of an anisotropic dissipation rate tensor was 

observed, is the hot-wire measurements by Groth, Hallbäck & Johansson (1989) of the 

three non-zero stress components in axisymmetric turbulence. The data was compared with 

the "standard" RST-model and it was found that the model "constants" varied between 

different flow situations. These variations could, at least partly, be attributed to effects of an 

anisotropic dissipation rate tensor not accounted for in the "standard" modelling and 

indicated the need of a more complex dissipation rate model. We then measured the 

dissipation rate of the streamwise stress component E11 (Hallbäck, Groth & Johansson 

1989) and estimated the value of the total dissipation rate, E, from the turbulent kinetic 

energy equation. It was found that c11  remained nearly constant in the straight duct 

following the axisymrnetric contraction whereas E decreased with a factor of about three, 

leading to a corresponding change in the value of e11 .  The existence of a significant degree 

of anisotropy of the dissipation rate tensor was thus confirmed. 

To the author's knowledge only two attempts have been made to account for an aniso

tropic dissipation rate tensor. Both these try to relate the anisotropy of the dissipation rate 

tensor to that of the stress tensor. This coupling may seem somewhat difficult to motivate, 

at least at high Reynolds numbers when there is thought to be a low correlation between the 

dissipative scales and the energetic scales. However, this approach has been supported, not 

only by the numerical studies described above, but also by experimental data. Indeed, by 

dividing the total fluctuation of the velocity and temperature fields into a large scale coherent 

"sawtooth" component and a random component Antonia, Anselmet & Chambers (1986) 

were able to show that the coherent component made large contributions to some of the 

temperature derivative correlations that contribute to the dissipation of the temperature 

variance. A similar, but weaker, influence of the coherent component was found for the 

velocity derivative correlations. Gibson, Friehe & McConnell (1977) measured the 

streamwise derivative of the temperature in a number of turbulent shear flows and also, in 

an atmospheric boundary layer, the streamwise derivative of the vertical velocity. They 

found that the nonisotropic character of both the temperature and the vertical velocity fields 

could be explained by an influence of the large scale structures. 

The first dissipation rate anisotropy model was proposed by Hanjalic & Launder (1976) 

following an idea originally presented by Rotta (1951a). Rotta assumed not only that the 
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FIGURE 4 e1 1 vs a1 1 for turbulence subjected to an axisymmetric strain. Comparisons 

between mode/ (3 .19) with a = 3/4 (thick curve) and numerically simulated results. Data 

from Lee & Reynolds (1985): contraction ( 0 )  and expansion ( D )  [Si (t=O) "" 0.97 resp. 

0.7 1,  ReA "" 50] ; Rogallo (1981): contraction (6 ) [Si (t=O) "" 0.5 - 2, ReA "" 15 - 100]. 

Isotropic dissipation rate is given by e1 1  = 0. 

dissipation rate tensor should be isotropic at large ReA, in accordance with the concept of 

local isotropy, but also that it should be proportional to the Reynolds stress tensor at low 

ReA (i.e., when the energetic and dissipative scales are of roughly the same size). Hanjalic 

and Launder combined these limits through a linear expression 

(2 u·u· ) 
eij =e 3 ( 1 -cr)oij + crT- or (3 . 18) 

where it was assumed that cr was only a function of ReA, although the dependence on other 

flow parameters, such as the mean strain rate parameter, was acknowledged. Note that 

(3. 18) can be seen as a first order expansion of eij in akl (cf. expression (1.64)). In equation 

(3. 18) cr is supposed to tend to zero when ReA tends to infinity and to unity when ReA 

tends to zero. However, if strong realizability is to be satisfied the condition (2.4) shows 

that cr must be identically equal to unity. Also, Mansour, Kim & Moin (1988) found in their 

channel flow analysis that the parameter cr should be different for each of the diagonal 
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FIGURE 5 eu vs au for axisymmetric turbulence relaxing towards isotropy. Comparisons 

between mode/ (3 .19) with a = 3/4 (thick curve) and numerica/ly simulated results. Data 

from Lee & Reyno/ds (1985): ( 0 )  [ReA "" 45]; Roga/lo (1981): ( D )  [ReA "" 50 - 70] ; 

Schumann & Patterson ( 1978): (6 ) [ReA "" 85 - 840]. Symbols are linked together by 

straight lines for each relaxation case. 

components of the dissipation rate tensor. This points to the need for a more complex 

mod el. 

S tarting from an expression like ( 1 .64) Hallbäck, Groth & Johansson ( 1990) made a 

third order expansion of eij in akl and ensuring that the strong realizability condition was 

satisfied arrived at the following relation 

(3 . 19) 

where a is a model parameter which may depend on the Reynolds number, mean strain rate 

parameter etc. In that work a was given a value of 3/4 (see below in the discussion of the 

rapid distortion theory). In figures 4 and 5 the model is compared with DNS data of two, 

viz. axisymrnetric strain and relaxation from axisymmetric initial conditions, of the four 

homogeneous turbulent flows studied by Hallbäck, Groth and Johansson (the other two 

were plane strain and homogeneous shear). It is noteworthy that even though all parameters 

in the cubic model were fixed through the use of realizability and ROT prior to the 
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comparisons with the DNS data the agreement between model and data is very good in all 

four cases. The main difference between this model and the linear one is that each 

component of eij is influenced by the complete anisotropic state as expressed by the tensor 

aij · An example of this is the case of an irrotational plane strain in which the streamwise 

component of aij is close to zero for moderate strain rates whereas the corresponding 

component of eij is not. Such a behaviour cannot be described by a linear model. The model 

(3. 19), on the other hand, captures this behaviour well. 

The pressure-strain rate term 

A usual approach when modelling the pressure-strain rate term is to eliminate the fluctuating 

pressure p from the Ilwexpression (1 .26). This makes it possible to separate the effects of 

the mean and the fluctuating velocities on the intercomponent energy transfer. The pressure 

p can be obtained from equation (1 .20) together with a suitable boundary condition (note 

that this is only a förmal solution for p since the right hand side, which depends on the 

velocity field, is unknown). It is clear from (1.20) that the fluctuating pressure depends on 

three different phenomena, viz. mean velocity effects, effects of the fluctuating velocities 

and effects of the boundaries. The pressure can thus be split into three parts 

(3.20) 

The first term, pr, is the "rapid" pressure which depends on the mean velocity field and is 

the solution to 

(3.2 1) 

with an identically zero boundary condition. The second term, ps, is the "slow" pressure 

which is the solution to 

l �S ()2 [ -] 
- - = u .u . - u.u . p Xi Xi ()XidXj 1 J 1 J (3 .22) 

also with an identically zero boundary condition. The third term, pw, is the wall (or S tokes) 

pressure. It satisfies 
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(3.23) 

and the boundary conditions for p. One may here note that the last term of (3.22) as well as 
pw vanish in homogeneous turbulence. 

The total pressure-strain rate can hence be split in the corresponding manner 

(3.24) 

The first term is the "rapid" (or linear) pressure-strain rate term, which is zero if the mean 
strain tensor is zero, but immediately (therefore "rapid") reacts to changes in the mean strain 
field. The second term is the "slow" (or non-linear or Rotta) pressure-strain rate term, 
which always will be non-zero. The last term is the wall (or Stokes) pressure-strain rate 
term. 

Some earlier workers have used more or less well founded arguments to neglect one term 
or another in equation (3.24). However, the two first terms are in general both important as 
can be seen directly in, e.g., the channel flow simulation studied by Mansour, Kim & Moin 
( 1988). The simulation data for the turbulent channel flow also showed that the wall term is 
negligible compared to the two others terms except in the immediate vicinity of the wall 
(y+ < 30, i.e., below the log-region). 

A physical motivation for the purely mathematical split of the pressure into three different 
terms has been presented by Brasseur & Lee ( 1987). They studied a DNS of a homo
geneous turbulent shear flow and found that the correlation between the "rapid" and "slow" 
pressures was nearly zero. This could be explained by the fäet that the "rapid" pressure 
shows a large scale structure as compared to the more spotty distribution of the "slow" 
pressure. The low correlation coefficient gives a firm support to the idea of separately 
modelling the "rapid" and "slow" pressure-strain rate terms. 

Using the solution to (3.2 1 )  and ( 1 .26) we get a formal expression for the "rapid" 
pressure-strain rate term 

1 

J

au au [au. au . J Tiij(x) = 27t dxf<x') axl'fl(x') � (x ) + di (x ) 
m n J 1 

V 

dx ' 
lx ' - x l (3.25) 



i J au [ a1 ------ a1 J dx '  
= -2 --. �(x') � u (x')u. (x) + � um (x')uJ.(x) l x , _ x 1 7t OXm oXnOXj m I Xn x, 

V 
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To proceed from this expression Rotta (195 1a) assumed that the turbulence was nearly 
homogeneous and then made a Taylor expansion of the mean velocity gradient around the 
point x. From this expansion, but also directly from (3.25) it is clearly seen that when the 
flow field is homogeneous the mean velocity gradient can be taken out of the integral and 
the "rapid" pressure-strain rate be written as 

where 

r au! ( mi ffiJ0) Il· = k - Ar + A r IJ axm J I (3 .26) 

(3.27) 

Here r = x' - x has been introduced and the fact that the correlations are independent of x in 
homogeneous turbulence been used. To investigate if the mean velocity gradient can be 
taken out of the integral also in a non-homogeneous flow situation Bradshaw, Mansour & 
Piomelli ( 1987) (using the data base of Kim, Moin & Moser 1987) evaluated the integral 
(3.25) and compared this with the value when the mean velocity gradient was placed outside 
the integral. "Surprisingly good" agreement was found for all components of ITij 
throughout the channel except in the near wall region (y+ < 30). This was explained by the 
fact that in the near wall region the mean shear changes on a length scale which is 
comparable to that on which the gradients of the fluctuating velocities are correlated, 
whereas in and above the log-region, where the approximation holds, the mean shear is 
approximately constant over distances for which the correlation is non-zero. The approach 
of modelling the "rapid" pressure-strain rate term as dependent only on the local value of the 
mean velocity gradient was thus confirmed. 

The tensor A lji must fulfil the following relations 

(symmetry) (3.28) 

(continuity) (3 .29) 
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(Green's theorem) (3. 30) 

The Green's theorem simply states that l/lrl is the Green's function for the Laplace operator. 
Hence, the integral returns the Reynolds stress u�uj. The expression (3.26), with its 
implicit assumption about homogeneity, and the conditions above have been the starting 
point for most models for the "rapid" pressure-strain rate term. The usual way to advance 
has been to make an expansion of Alji in the Reynolds stresses, or, which seems preferable 
since they are non-dimensional quantities, in aij · A Taylor expansion to second order in the 
stress anisotropy measures that fulfils the symmetry conditions is given by 

(3. 3 1) 

Here, the parameters � are, of course, independent of the invariants of aij · Using only the 
linear terms (i.e., setting a.i = 0 when i ;;:: 6), the conditions (3.29) and (3.30), and the 
relation (3.26) yields the model of Launder, Reece & Rodi ( 197 5) 

(3. 32) 

where 

(3.33) 
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and Pij and P are given by ( 1 .24) and (1 .28). This model was incorporated in a complete 

closure and compared with experimental data from the nearly homogeneous shear flow 

experiments of Champagne, Harris & Corrsin ( 1970). The model parameter c2, which 

Launder, Reece and Rodi assumed to be a constant, was hereby assigned its "standard 

value" of 0.4. For the case of isotropic turbulence subjected to a sudden irrotational rapid 

distortion the model (3.32) gives the correct initial response irrespective of the value of c2. 

Also, if c2 is chosen as 10n the model agrees with rapid distortion theory to first order in 

the small total strains. It should also be noted that the model cannot satisfy the strong 

realizability condition. This is regardless if c2 is a constant or not. 

Launder, Reece and Rodi also tried a simpler version of (3.32) 

(3 .34) 

The model parameter y was given a value of 0.6 which is the value obtained in the rapid 

distortion lirnit. This simple model does not satisfy the strong realizability condition either. 

Even though it rnight be difficult to draw any quantitative conclusions from the comparisons 

between these two models and the different experimental data presented by Launder et al. it 

seems clear that, as should be expected, the more general model (3.32) is superior to the 

simplified one. 

Lee (1989) tried to improve the predictive capability of the linear model for ITlj by 

allowing c2 in the Launder, Reece and Rodi model to depend not only on the invariants Ila 

and Illa (and thus relaxing on the condition of a "clean" Taylor expansion) but also on the 

history of the flow field through the reference total strain. The model development took 

place in a larger study of axisymmetric turbulence and uses results specific for this flow 

situation. One such special feature is that the linear "rapid" pressure-strain rate model 

satisfies realizability in the axisymmetric case. Using rapid distortion theory to find the 

limiting behaviours Lee arrived at the following model. 

c = 
10 + 22 16 (c/�r - 1 ) III 11 _3!2(2rr )s 2 7 35 q a a 2 a 

Cref + 1 

In 3 
where s = 1 - -

In 4 (3.35) 

For a best fit of c2, over the whole range of reference total strain, to the rapid distortion 

results the parameter q was assigned the value 2.0. As rnight be expected the model shows 

good agreement with DNS data of different axisymmetric strains. In fäet, the model also 

agrees quite well with simulation data from a plane strain flow. 
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A model, originally proposed by Shih & Lumley ( 1985), in which also the terms that are 
quadratic in aij are retained has been studied by Shih, Mansour & Chen ( 1987). In this case 
ITij can be written as 

(2 ) (au. au . ) 2 ( 2 ) 
IT!. = - +4c5 k -s-1 + � - - (l -c5) P · ·  - - P  8 · · 1J 5 ux· ux· 3 1J 3 1J J I 

where the parameter c5 is given by one of the following two expressions 

C5 = - 1
1
0 [ 4 .  5 - 3 .  5 � 1 - F ] 

(3 .36) 

(3.37) 

(3 .38) 

These expressions are compatible with the strong realizability condition which requires that 
c5 = -0. 1 in the two-component limit (where F = 0) . In this model the parameters ai in the 
original ansatz are thus allowed to depend on dimensionless combinations of the stress 
tensor, such as Ila and Illa. However, if one views (3.3 1 )  as a truncation at second order of 
an infinite Taylor expansion the Uj:s may not depend on the expansion variable. In this case 
the strong realizability condition gives the following expression (i.e, (3.36) with c5 = -0. 1) 

(3.39) 

Both (3.36) and (3.39) give the correct initial response for an arbitrary irrotational rapid 
strain. 

Much less attention has been given the development of models for the "slow" pressure
strain rate term. This can in part be explained by the difficulties in an experimental situation 
to distinguish between effects of an anisotropic dissipation rate term and the Rotta term. 
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Instead of separately modelling these two effects the net effect of the two terms has usually 
been lumped together to a "return-to-isotropy tensor" (see detailed discussion below) 
making it rather unclear what in fäet is modelled and how. 

Eliminating the "slow" pressure ps from the expression for Tiij gives 

s 1 

J

a2u1um , [aui � J dx ' 
Dij(X) = 47t dX�dXJ (X ) dXj (X ) + dXj (x ) l x ' - X I (3 .40) 

V 

= 4� �ax���iöxj 
ul(x')um (x ')ui(x) + öx���\Öxi ul(x')um (x' )u/x)] l x ?� '

x I 
V 

Since (3.40) involves two-point third order velocity correlations it is not immediately clear 
from this expression how to proceed in order to expand Tiij in the quantities available within 
the RST-formulation. Therefore, most closures still use the purely phenomenological model 
proposed by Rotta ( 195 1 a) .  Arguing that the energy transferred between two stress 
components is proportional to the difference between their respective kinetic energy Rotta 
arrived at 

(3.4 1 )  

where LR i s  a characteristic length scale for the turbulence. One may note that we once again 
have to do with a first order expansion of a tensor (Tiij) in akl. Both the lateral macroscale 
(see, e.g., Hinze 1959 ch 1 .7) and different mixing lengths (such as that given by the 
Nikuradse formula (3.6)) were used by Rotta to prescribe LR· Since it today is common 
practice in turbulence models to use the transport equation for E to prescribe a length scale, 
instead of a direct transport equation for that scale, the Rotta model is usually written as 

(3 .42) 

The parameter c1 ,  the so called Rotta eons tant, is usually assigned a value between 1 .5 and 
3 by comparing complete closures with measurements of the Reynolds stresses (see, e.g., 
Hanjalic & Launder 1972, Launder, Reece & Rodi 1975 and Morris 1984). Of course, the 
value of c1 found in such a manner is affected not only by the form of the model itself but 
also by the other assumptions in the closure such as isotropic or nonisotropic dissipation 
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FIGURE 6 The modified Rotta "constants" Ca� = -IliJ I (E aa�) in a homogeneous shear 

(ReA ,., 280, Si ,., 4.8). Data from direct numerical simulations by Rogallo ( 1981). 

rate and the form of the "rapid" pressure-strain rate model. However, it is clear that the 
Rotta "constant" varies substantially and that this variation has (at least) two causes. Firstly, 
using DNS of initially axisymmetric turbulence relaxing towards isotropy Hallbäck (private 
communication) has been able to show that c 1  may vary with the turbulent Reynolds 
number. Care was taken in these simulations to increase the number of computational points 
in the high ReA runs so as to ensure a constant high resolution of the turbulence. Hallbäck 
also found that the rate at which c 1  increases with ReA is rather high so that extrapolation 
from these type of data to "real world" values of ReA seems relatively risky. Secondly, the 
Rotta "constant" may have different values in the different coordinate directions. In figure 6 

the modified Rotta "constants" Ca�· defined by (note that this is not a tensor product) 

(3.43) 

are shown for the case of a homogeneous shear (data from Rogallo 198 1). The variation is 
rather large, being at most a factor of about 2 between c 12 and c22· The ratios between the 
different Cjf S change somewhat with time but the conclusion remains. The EDQNM
computations by Cambon, Jeandel & Mathieu (1981) confirm these simulation results. They 
studied the development of ca� in an irrotational plane strain and in the relaxation phase 
downstream thereof and found not only significant differences between the components but 
also a strong variation with tirne. 
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An attempt to place the modelling of the "slow" pressure-strain rate term on a more solid 

mathematical basis has been made by Weinstock ( 198 1 ,  1982) .  Starting from formal 

solutions of the Navier-Stokes equations and assuming that the mean flow can be written as 

Ui = (U(z,t),0,0), that average flow quantities vary only slowly in space and time and that 

two-time fourth order velocity correlations can be neglected Weinstock was able to express 

Tiij (and Ca�) in terms of the (unknown) velocity correlation spectra Eij(K) and E(K) (see 

below in the discussion about two-point models). The result, which is expanded to first 

order in the spectral and stress anisotropies, is 

00 

(3 .44) 

where 

To use this model one must prescribe the shape and time development of the involved 

spectra and since this type of information is not contained within a single-point closure the 

floor is free for speculations. More than being a practical model for use in engineering 

applications (3.44) is an example of how two-point (spectral) considerations can be used to 

study, and hopefully improve on, single-point models. Weinstock ( 1982) thus notes that 

expression (3.44) shows that the "slow" pressure-strain rate depends primarily on the 

anisotropy of the spectrum tensor Eij (as contrasted to the anisotropy of the stresses). It is 

also shown that only when 

E· ·  - (a · · + � 8 · ·) E lj - lj 3 IJ (3 .46) 

does (3.44) simplify to the original Rotta model (3.42), else use must be made of the 

modified Rotta constants ca� (or preferably of a "Rotta tensor" CijkJ). Furthermore, 

Weinstock also finds that the computed values of c1 and Ca� can depend rather strongly on 

the chosen spectra forms, and on the Reynolds number. The latter result is in qualitative 

agreement with the DNS findings by Hallbäck mentioned earlier. The dependence on the 
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spectra forms points to one of the built-in !imitations in RST-models. Another example of 

this will be given below when discussing the EDQNM-approximation. 

The expression (3.44) and the corresponding values for cap has been tested both against 

experimental data (Weinstock & Burk 1985) and data from DNS (Weinstock & Shariff 

1987 and Weinstock 1989). In the first paper the Weinstock model together with the 

"standard" "rapid" pressure strain rate model (3.32), and the Ratta model together with the 

simplified "rapid" model (3.34) are compared with the data of Champagne, Harris & 
Corrsin (1970) and Harris, Graham & Corrsin (1977) (all under the assumption of isotropic 

dissipation). In the paper it is stated that the "extent of agreement found here between theory 

and experiment cannot be obtained when the Ratta constant c1  is used . . .  " which seems to 

be a rather surprising comment in view, not only of the fäet that different models for the 

"rapid" term were used in the comparison, but also of the fäet that Launder, Reece & Rodi 

( 1975) used just the data of Champagne et al. to give c1 and c2 the standard values of 1 .5 

and 0.4, respectively. In the comparisons with the DNS data large relative errors were 

found between the values of cap as given by theory (with the simulated spectra used in the 

integral (3.44)) and by simulation. By taking the sometimes large time derivatives of Eij inta 

account same of these discrepancies could be removed. 

However, two objections can be made against both the original Ratta model and the 

(non-tensorial) form used by Weinstock. First, we again here have two models that do not 

satisfy the strong realizability condition in homogeneous turbulence. To comply with this 

condition one must at least allow c1 and cap to vary with the two-component parameter F. 

Second, it is today generally acknowledged that the return to isotropy (as described by the 

transport equations for aij) of initially anisotropic turbulence is not a problem linear in aij 
(see, e.g., Gence & Mathieu (1980), who found an effect of the sign of Illa on the rate of 

the return to isotropy, or Sarkar & Speziale (1990), who campare different "return-to

isotropy"-models with various experimental data). Even if part of these non-linearities can 

be taken inta account by a more general dissipation rate model such as (3. 19) it seems 

reasonable that a more complex model for the "slow" pressure strain rate term is also 

needed. 

One such model has been derived by the author together with Hallbäck and Johansson as 

part of a larger on-going study of turbulence models based on the RST-equations. The 

model is of third order in the stress anisotropy measures and reads 

(3.47) 
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Expression (3.47) satisfies strong realizability for all values of the model parameter p, i.e., 

p does not have to depend on F. In fäet, P should not depend on F, at least not in such a 

way that it goes to zero with F since this would kill off the whole Tiij-tensor in two

component turbulence. Expression (3 .47) can be derived in a similar way as the 

nonisotropic dissipation rate model (3. 19) and also has the advantage that each component 

of Tiij is affected by the complete anisotropic state. Another model for the "slow" pressure

strain term that is based on expression (1 .63) is given by (see, e.g., Launder 1989) 

(3.48) 

Here the functions p2 and p3 must take the values -3/4 and 3/2 in the two-component limit 

in order to satisfy strong realizability. 

It might also be interesting in regard to the "slow" and "rapid" pressure-strain rate terms 
to mention one of the findings obtained by Brasseur & Lee ( 1987, 1989) from a DNS of a 

homogeneous turbulent shear flow. Even if the statistical average of the "slow" pressure

strain rate indicated that energy was transferred directly from the streamwise to the vertical 

stress component, analysis of the instantaneous pressure-strain rate field showed a complex 

pattern in which energy is transferred mainly from the streamwise to the spanwise and then 

on to the vertical component. An even more complicated picture was found for the "rapid" 

pressure-strain rate. Here energy is transferred back and forth between all three directions 

but in such a way that on the average the spanwise component gains energy from both the 

other components. 

The third, and last, of the pressure-strain rate terms is the wall (or Stokes) term. 

Launder, Reece & Rodi ( 1975) derived a model for this complicated term which relied on 

comparisons with experimental observations and specific forms for the "rapid" and "slow" 

pressure-strain rate terms. Later, Launder ( 1989) pointed out that "models proposed for the 
wall reflection process . . .  should only be used in conjunction with the associated proposals 

for [the "slow" and "rapid" pressure strain rate terms] ". He also cites unpublished findings 
by Tselepidakis that the wall term has a fairly weak influence on the stress predictions and 

that it is more important to ensure that the models of the pressure-strain rate and dissipation 

rate terms show the correct behaviour when approaching the wall. 

We conclude by discussing some of the comparisons that have been made between direct 

numerical simulations and the different models for the "rapid" and "slow" pressure-strain 

rate terms. Schumann & Patterson ( 1978) studied the return to isotropy of initially axi

symmetric turbulence. They used different initial sp'-'ctra and found that the parameter cR in 
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model (3.41)  was less sensitive to the initial conditions and varied less with time (Reynolds 

number) than c1 in (3.42). This was explained by the fäet that the pressure-strain rate was 

found to be large in the small wave-number region and thus scaled on the macro length scale 

rather than on a length scale characteristic for the dissipation rate. If their data is compared 

with model (3.48) where p3 is set equal to zero (as suggested by Schumann and Patterson) 

it is found that p 1  "' -2.3 and P2 "' - 1 .6 whereas model (3.47) gives P approximately equal 

to 3. One may here note that when aij is small this value of p leads to a corresponding value 

of the Rotta constant c1  of about 2. 

Shih, Mansour & Chen (1987) compared the "standard model" (equation (3.32) with c2 
= 0.4 ) and the quadratic model (3.36) for the "rapid" pressure-strain rate term with data 

from DNS of homogeneous shear flows. Even though the simple linear model gives fairly 

good predictions (except in the vertical direction) an improved agreement between data and 

model is of course seen when the more complex model is used. More interesting is perhaps 

that the quadratic model seems to be almost insensitive to which one of the two expressions 

(3.37) and (3.38) that is used for the model parameter c5. Mansour, Kim & Moin ( 1988) 

combined the linear "rapid" pressure-strain rate model (c2 =0.4), the standard Rotta model 

(c 1 = 1 .5) and the Launder, Reece and Rodi wall term model and compared model 

predictions with channel flow simulation data. Rather good agreement was found for y+ > 
50. The discrepancies between models and data in the near wall region was shown to be due 

to the Rotta term, which does not exhibit the correct behaviour as the wall is approached. 

The idea of a return-to-isotropy tensor 

Even though it was early recognized that the dissipation rate tensor is indeed anisotropic 

almost all turbulence models have used the approximation that eij is equal to zero. The hope 

has been that at "sufficiently" high turbulent Reynolds numbers, viz. those that appear in the 

engineering applications, this approximation would be acceptable. However, Hanjalic & 
Launder ( 1972) acknowledged that this was one of the the major !imitations of the RST

models. It has, however, become clear that many interesting applications are low Reynolds 

number flows and that there is no guarantee that the dissipation becomes isotropic in any 

limit. 

One approach to remedy this problem is to try to explicitly model the dissipation rate 

tensor. Such models are, e.g., the linear relation (3. 18) between eij and aij as given by 

Hanjalic & Launder ( 197 6) and the cubic relation (3. 19) proposed by Hall bäck, Groth & 
Johansson (1990). Another approach that has been used is to lump together the effects of 



57 

the anisotropic dissipation rate tensor with the effects of the "slow" pressure-strain rate term 

in a "return-to-isotropy" tensor sij 

(3.49) 

Instead of modelling Ilij and eij one then has to model Sij· The reason for using a "return

to-isotropy" tensor has been that the net effect of an anisotropic dissipation rate on the 

development of the stresses appears sirnilar to that of an intercomponent energy transfer. 

Also, since there exists very few measurements of the dissipation rate tensor and the 

pressure-strain rate term is, as yet, impossible to measure directly, only their combined 

influence has been possible to compute from experimental data. Among the first to propose 

a model for the "return-to-isotropy" tensor were Lumley & Newman (1977). (Their "return

to-isotropy" tensor actually included also the pressure dependent parts of the diffusion 

tensor.) This expression was later modified by Lumley (1978). In that paper, however, the 

pressure dependent parts of the diffusion tensor had been lifted out of Sij again. Both these 

expressions have the disadvantage that realizability is satisfied in such a way that there will 

be no return to isotropy at all in the two-component lirnit. A third, even more elaborate, 

model for the "return-to-isotropy" tensor is given in Shih, Mansour & Chen ( 1987). All 

these models are of the type ( 1 .63) and rely rather heavily on experimental data in order to 

prescribe the model functions. It is also interesting to note that none of these three models 

conforms to the Taylor-expansion of expression ( l .64) for small values of Ila and Illa 

indicating a serious disagreement with the basic mathematical constraints. Sarkar & Speziale 

(1990), on the other hand, used the Taylor expansion technique to find an expression for 

Sij- However, since they expanded only to second order in the %-amplitudes they were 

unable to satisfy the strong realizability condition. Instead, the weaker condition (2.2) was 

used to give a relation between the two model parameters. Thereafter comparisons with 

various experimental data were used to assign the parameters constant numerical values. 

In the author's opinion there exists a number of reasons why one should try to separately 

model the effects of an anisotropic dissipation rate tensor and of the "slow" pressure-strain 

rate term. Firstly, with the improved measurement and data processing equipment available 

today it should indeed by possible to separately measure the dissipation rate tensor and 

thereby, from balancing the RST-equations, calculate the pressure-strain rate term. Also, the 

two terms are easily available for study through DNS. This removes the main argument for 

constructing a "return-to-isotropy" model. Secondly, and this is a more principal objection, 

is that we here have to do with two quite different physical phenomena. The dissipation rate 

depends on the flow situation through local derivatives of the velocity fluctuations and on 
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the chosen fluid through the viscosity. The pressure-strain rate depends only on the flow 

situation but is on the other hand through the pressure influenced by the complete flow 

picture. This difference expresses itself, e.g., when approaching a wall where, as is easily 

shown, the pressure-strain rate tends to zero in the wall normal direction whereas the 

corresponding component of eij tends to -2/3. A third reason is that if one has a separate 

mode! for the anisotropy of the dissipation rate tensor this expression might be used to 

improve the mode! of the the mean velocity dependent term in the transport equation for the 

total dissipation rate. 

The diffusion term 

The transport or diffusion term dij• expression ( 1 .27), has three different parts. The first 

can be interpreted as the mean work done by the fluctuating pressure and velocity fields, the 

second is the work done by the viscous shear stresses and the last one is a transport of the 

Reynolds stresses by the fluctuating velocity field. The classical mode! for this term is due 

to Hanjalic & Launder ( 1972). Referring to high Reynolds number flow and to 

measurements made in a plane asymmetric channel they simply neglect the viscosity and 

pressure dependent parts. They next tum to the transport equation for the triple velocity 

correlation and show that after some "firm pruning" one may write 

(3.50) 

The mode! parameter Cs was assigned its "standard" value of 0. 1 1  through comparisons 

with several different flow situations (Launder, Reece & Rodi 1975). Mansour, Kim & 
Moin ( 1988) argued in the same way as Hanjalic and Launder but retained the mean velocity 

gradient dependent production terms and arrived at an implicit relation for the triple 

correlation. 

(3.5 1 )  
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Also, Daly & Harlow ( 1970) derived "in close analogy to the approximation for the flux of 

a scalar" a simple, and therefore commonly used, mode! for dij· 

(3.52) 

This last mode! is not tensorially correct since it is not invariant to permutations of the 

indices i, j and k which the triple velocity correlation tensor is. All three models have been 

compared by Mansour, Kim & Moin (1988) using a DNS of a turbulent channel flow. They 

find that inclusion of the mean velocity gradients does not improve the mode! predictions. 

Thus it seems rather unnecessary to perform the extra work of solving the implicit relation 

(3.5 1 ). Surprisingly enough the mode! (3.52) gives nearly as good (or rather as bad) 

predictions as the Hanjalic and Launder mode!. Even though both these models tend to 

underpredict the triple correlations one should bear in mind that it is the (in the channel flow 

case wall normal) derivatives of the correlations that enter the RST-equations. Thus, it is 

more important to correctly predict the variations of the triple correlations than their absolute 

value. 

However, the lack of reliable experimental data and the limited amount of simulation data 

makes it rather difficult to evaluate the proposed models and to draw conclusions about how 

to proceed to more accurate models. It is also unclear (Launder 1989) whether much 

improvement can be gained without resorting to third-moment closures or even taking the 

coherent structure and intermittency of the turbulence into account. 

The total dissipation rate eguation 

In the derivation of the transport equation for the total dissipation rate E (expression ( 1 .53)) 

it was assumed that the turbulence was homogeneous. In a non-homogeneous situation the 

transport equation will include four other terms in addition to the mean velocity dependent 

production term (Pe), the viscous destruction term (De) and the "turbulent production" term 

(W e). However, data from a DNS of a turbulent channel flow (Mansour, Kim & Moin 

1988) show that three of these terms (viz. the turbulent transport, the pressure transport and 

the second-order mean velocity derivative dependent production term) are negligibly small 

even in this highly non-homogeneous flow. Only the viscous diffusion of E (which is 

explicit in E and thus does not need to be modelled) is comparable to the three 
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"homogeneous terms", and this only in the very near-wall region (y+ < 10). We conclude 

that careful modelling of the three terms in ( 1 .53) may improve model predictions in homo

geneous as well as in nonhomogeneous turbulent flows. 

The mean velocity dependent production term (cf. (1 .54)) may be written as 

(3.53) 

where 

(3.54) 

which, if the anisotropy measures for �kl and Ek! (note that �ii = Eii = 2E) are introduced 

and use is made of continuity, may be rewritten as 

(3. 55) 

Here fkl is the anisotropy tensor related to �kl· From this expression it is clear that if we, 

indeed, have locally isotropic turbulence (i.e., ekl = fkl = 0) there will be no mean velocity 

dependent production. However, in all other cases, e.g., if the turbulence is locally axi

symmetric, Pe needs to be modelled. 

The most commonly used model for Pe can be written as (see, e.g. , Daly & Harlow 

1970 or Hanjalic & Launder 1972) 

(3.56) 

where Cel is a model parameter that may depend on Si, ReA and the invariants of aij · In the 

comparisons between different flow measurements and predictions from a complete RST

closure Hanjalic & Launder (1972, 1976) found a best fit to the data if Ce l was given a 

value of 1 .44. It is interesting to note that the model (3.56) can be viewed as a simple linear 

expansion of the sum ekl + fkl in terms of the tensor akl· 

If the RST-equations are supplemented with a model for the dissipation rate anisotropy 

tensor it is possible to model Pe in a manner that appears closer to the original expression. 

Such a model has been proposed by Hallbäck, Groth & Johansson (1991) and reads 
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(3.57) 

In this model it is thus assumed that fkl is proportional to ek!· However, these two tensors 

behave quite differently, e.g.,  in the two-component limit the component of fij> which 

corresponds to that component of eij which is equal to -2/3, remains undeterrnined. In our 

on-going work on this problem we have tested a model that contains a first order expansion 

of fkl in terms of aij 

(3.58) 

This type of model is easily generalized by continuing the expansion of fkl in aij according 

either to the "invariant method" (1 .63) or the "Taylor method" ( 1 .64). However, since fem 
is not related to aaa in the two-component limit it is not clear what constraints that should 

be laid on this expansion. If a model like (3 . 19) is used for ekl the sum ek! + fkl will be 

modelled as a sum of two %-expansions. Referring to the argument that different terms 

should be modelled separately this procedure should be preferred to making an expansion 

directly of the sum ekl + fkJ. 

To the author's knowledge no experimental data exist that can be used to evaluate models 

for Pe so again we have to rely on data obtained from direct numerical simulations. 

Mansour, Kim & Moin ( 1988) found very good agreement between the " standard" model 

(3.56) and the channel flow simulation data down to about y+ "' 15. Closer to the wall the 

model was seen to underpredict Pe. Two questions thus need consideration. Firstly, why 

does the simple "standard" model (3 .56) give such relatively accurate predictions? 

Secondly, how may the model for Pe be improved? Both these questions are presently 

being studied through use of data from DNS of irrotationally strained homogeneous 

turbulence (Hallbäck, private communication). 

The viscous destruction term De may be easily analyzed in isotropic turbulence using the 

two-point single-time correlation function Rij(r) (see, e.g., Hinze 1959 ch. 3.2) 

R- ·(r) = u·(x)u·(x+r) = - k f(r) Ö · ·  + - r :1 o · · - - - r ·r · 2 [ 1 a f  1 a f  J IJ - I J 3 IJ 2 ur IJ 2r dr I J (3.59) 

Here f(r) is an even function of r = lrl. Making a Taylor expansion of f(r) and using that, in 

homogeneous turbulence (see, e.g., Hinze 1959 ch. 3.2), 
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one arrives at 

_ l_ (j4f(O) [(j2f(O)J -2 E2 
DE 

- 15 ör4 ör2 k 

This suggests a model expression of the form 

(3 .61)  

(3.62) 

Since W E is a single-point triple correlation of the gradients of the fluctuating velocities the 

behaviour of this term is much more difficult to analyze, even in simple flow situations 

(compare the discussion above regarding the "slow" pressure-strain rate term). We will here 

model it in the same way as DE, i.e. 

(3. 63) 

Both these model expressions have been studied in isotropic turbulence using the EDQNM

approximation (Groth, Hallbäck & Johansson 1990) . It was found that the model 

parameters Ced and Cew vary significantly with the turbulent Reynolds number. In figure 7 it 

is seen that Ced increases with a factor of about six when ReA is increased from 100 to 

10000 and that Cew decreases correspondingly. One may also note that at very low ReA Cew 
tends to zero. This is a result of the fäet that the non-linear effects become negligibly small 

compared to the viscous effects in this lirnit. 

If we express Chou's (1945) combined k and length scale equation in the present 

notation we once again get the models (3.62) and (3.63). According to Chou the parameter 

Cew will grow as the square root of ReA. This is in agreement with the high Reynolds 

number data in figure 7. Experimental evidence of the variations of Cew and Ced with Re A 

can be found in Batchelor & Townsend (1947). Here hot-wire measurements were carried 

out in decaying grid turbulence. In this nearly isotropic case it is straight forward to express 

E, W E and DE in the first- and second-order time derivatives of the streamwise velocity. 
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FIGURE 7 The mod.el parameters Ced (6 ) , Ce2 ( D )  and Cew ( 0 ) vs the turbulent Reynolds 

number ReA. Data from EDQNM-computations oj isotropic turbulence by Groth, Hal/bäck 

& Johansson ( 1990) . 

From the experimental data it was found that 

Cew = -0. 12  ...,/ReA and Ced = 2 + 0. 12  ...,/ReA (3.64) 

The turbulent Reynolds number was between 250 and 3000 in these experiments. Both the 

above expressions agree within 10% of the data in figure 7. 

In figure 7 it  is ,  however, also evident that the sum of the two parameters, 

(3.65) 

is nearly constant over the whole range (almost five decades) of ReA. The variation found 

here is less than 10%, from 1 .91 at ReA = 8000 to 1 .76 at ReA = 0.4. This indicates that 

there is an advantage of modelling De and W e together even though they represent different 

physical phenomena. This result has also, in part, been analytically confirmed. Assuming 

that an inertial subrange exists in the energy spectrum (see, e.g., Tennekes & Lumley 1983 

ch 8.3) Rodi ( 197 1) was able to show that De tends to positive infinity and We to negative 

infinity at high Reynolds numbers, and that it is thus only meaningful to consider their sum. 

It also follows that ce2 should be nearly independent of ReA. We may now write 
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(3.66) 

This is the "standard" model for these two terms. The model parameter ce2 may, in 

principal, depend on the invariants Ila and Illa, and (weakly) on the turbulent Reynolds 

number. The model (3.66) has also been derived by Lumley ( 1970), in the limit of infinite 

Reynolds number, by use of a combination of rational reasoning and reference to grid 

turbulence. 

If ce2 is assumed to be a constant an approximate value for this parameter can be 

obtained by comparisons between model predictions and measurements, in homogeneous 

turbulence, of the decay of the turbulent kinetic energy. These experiments usually yield a 

value between 1 .9 and 2.0 (cf. expression (3.64) which gives a value of 2). There have also 

been some attempts to account for the possible variations of Ce2 with the development of the 

flow. By requiring that Ce2 should: a) have the correct value in the final period of decay 

(see, e.g., Hinze 1959 ch 3.3), i.e., Ce2 = 1 .4 as ReA goes to zero, b) have the correct 

value in the one-component limit, i.e., Ce2 = 1 .4 as Ila goes to 8/3 and c) that the expression 

should agree with the data of Comte-Bellot & Corrsin (1966) for small Ila and large ReA 

Lumley & Newman ( 1977) arrived at the following expression. 

7 (-8 .49) 
ce2 = 5 + 0.490 (1 - 0 .337 ln ( 1 + 6 . 875  Ila]) exp ...J

ReA 
(3.67) 

Another expression originates from the group at the University of Manchester (Launder 

1989). 

(3.68) 

El Baz, Launder & Nemouchi ( 1989) used this expression to account for the effects of the 

initial conditions on the development of plane turbulent wakes. Whereas the "standard" 

model (constant Ce2) gave the same behaviour for all the different wakes the model (3.68) 
introduced a "memory effect" into the RST-closure which greatly improved the predictions. 

Both the proposed expressiohs for ce2 have been compared to data from direct numerical 

simulations. In figure 8 both simulated and model predictions are shown. Even though it 

should be kept in mind that the simulations are carried out at very low Reynolds numbers 

two conclusions seem evident Firstly, the parameter ce2, as obtained from the simulations, 
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FIGURE 8 The mode/ parameter Ce2 vs Ila in three different flow situations. Axisymmetric 

expansion ( D )  [ReA "" 85, Si "" 3.5] , plane strain (6. ) [ReA "" 50, Si "" 3.2] and axi

symmetric contraction ( 0 )  [ReA "" 40, Si "" 3.2] . Data from direct numerical simulations 

by Hal/bäck (private communication). The upper group of lines are predictions using 

expression (3.67) and the lower group using (3.68). The symbols on the lines correspond 

to the symbols usedfor the simulation data. 

increases with Ila which is quite the opposite of what the models give. Secondly, neither 

one of the models is able to account for the differences between the three flow situations. 

This rnight imply that the third invariant of aij• Illa, should be more explicitly included in a 

mode! for Ce2· 

The ARSM-approximation 

We will conclude this chapter on turbulence models based on the transport equations for the 

Reynolds stresses by briefly discussing the concept of so called algebraic Reynolds stress 

models (ARSM). When, in an real flow application, models have been chosen for the three 

unclosed terms (Eij • ITij and dij) in the RST-equations and for the terms in the total 

dissipation rate transport equation we stand before the task of solving a system of coupled 

partial differential equations. The equations are the three equations for the mean velocities 

( 1 . 15), the mean continuity equation ( 1 . 1 6), the six equations for the Reynolds stresses 

(1 .23) (or ( 1 .28) together with the five independent equations ( 1 .33)) and the equation for 
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the total dissipation rate ( 1 .53), giving a total of, in this incompressible case, eleven 

equations. Even if the flow geometry is relatively simple this may become a time consuming 

affair. 

As a method to simplify the calculations Rodi ( 197 6) introduced the approximation 

DUjUj _ 
d· ·  _ UjUj [Ok _ 

d
] 

0t IJ - k 0t (3 .69) 

i.e., the total rate of change and diffusion of a Reynolds stress is assumed proportional to 

the total rate of change and diffusion of the turbulent kinetic energy. Introducing the 

Reynolds stress anisotropy tensor this approximation can be reformulated as 

Daii _ o Dt - and d· · "' (l. dÖ · ·  + da· ·) IJ 3 IJ IJ (3.70) 

These two approximations may then be introduced in ( 1 .33) which then will become non

linear, but algebraic, relations for aij · Of course, we still have to solve the differential 

equations for the mean velocity field, k and E. In homogeneous turbulence the success of 

the ARSM approximation will, as is clear from (3.70), depend on if the rates of change of 

the stress anisotropy levels are small as compared to the other terms in the awtransport 

equations. In the vicinity of a solid boundary the other half of the approximation will 

become important and will introduce errors since dij and aij + 2/3 8ij behave differently at 

the wall. 

The ARSM approximation has been used by Ekander (1988) and Ekander & Johansson 

( 1989) for predictions in both curved channel and rotating channel flows. Very good 

agreement was found between the model and data obtained both from experiments and so 

called Large Eddy Simulations. In these fully developed flows the agreement between the 

ARSM model and a complete RST-closure was also satisfactory. The main discrepancies 

between these two approaches were found to be due to the ARSM-approximation of the 

diffusion term. 

TWO-POINT MODELS 

As has already been pointed out one of the fundamental !imitations of single-point models is 

that they only make use of a single length scale equation. One way to retain more 

information on the structure of the turbulence is to derive, study and model the transport 

equations for the two-point single-time velocity correlation function Ri/r) defined in (3.59). 
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These transport equations will of course also include unclosed terms and these will have to 

be modelled if we want to solve the equations for Rij(r). 
When the turbulent flow is homogeneous it is common practice to work not with Ri/r) 

itself but to introduce its Fourier transform <l>ij(k). This transformation tums space 

derivatives into multiplications with the wave number vector k and may thus simplify some 

of the mathematics involved in solving the two-point equations. Also, some of the important 

mechanisms involved in the development of the turbulence, such as the energy transfer 

between eddies of different sizes, or more correctly, between different wave-numbers, is 

more easily studied by working in k-space. Examples of this type of analysis have already 

been given in the discussion on the local and non-local triadic interactions in the chapter on 

the dissipation rate term, and in the chapter on the "slow" pressure-strain rate term. 

However, one should remember that no new information can be introduced into a problem 

by making a Fourier transform. It follows that we will have a closure problem in the 

dynamical equations for <l>ij(k) also. We then have to resort to modelling, but this time in 

wave-number space, i.e., on another level than in the single-point models. These two-point 

or spectral models then of course have to be calibrated against experiments or direct 

numerical simulations. It should also be pointed out that the relative computational 

complexity of the two-point models limit their use to simple basic flow situations and that in 

more complicated flows, e.g., all types of inhomogeneous flows, single-point models are 

the only reasonable choice in the engineering applications. Nevertheless, the fäet remains 

that two-point models are a useful tool both in the efforts to gain knowledge about the 

structure of turbulence and in the efforts to improve single-point models. We will here 

concentrate on the two-point model known as the EDQNM-approximation. For a more 

complete discussion on different two-point models see, e.g., Lesieur ( 1987). 

Basic concepts 

We will here introduce some of the basic concepts used when working with the Fourier 

transformed transport equations for the two-point velocity correlations. However, it is out 

of the scope of the present paper to give a complete description of the spectral approach to 

turbulence analysis and the reader is therefore referred to the introductions to this field that 

can be found in, e.g., Batchelor (1953), Hinze ( 1959), Tennekes & Lumley ( 1983) and 

Townsend (1976). 

We begin by writing the transport equation for the single-time two-point velocity 

correlation Ri/r). This can be obtained from ( 1 . 1 8) in a manner similar to that used in the 
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derivation of the RST-equations. If we so eliminate the fluctuating pressure by use of the 

forma! solution to (1 .20) and note that Ui(x,t) = Cim(t)xm we get 

n 

a2R . (r") a3u (x")u (x")u . (x ' )] I 2 C m� n m 1 
- 4 nm dr'-' r' ' - dr·dx"dx ' '  7t 1 n  1 n m 

V 

d x "  
l x  - x " I  

(4. 1 )  

where r = x '  - x, r "  = x + r - x "  and r"' = x '  - r - x " .  These equations can be viewed as 

an extension of the RST-equations. We notice that the closure problem manifests itself in 

the form of triple velocity correlations. 

Now since the turbulence under consideration is spatially homogeneous and the 

fluctuating velocities are continuous we may use Cramer's theorem (see, e.g., Batchelor 

1953 ch. 2.4) which states that there exists a tensor <l>ij(k) such that 

or <l>· ·(k) = -1- fR· ·(r) e-ikoxdr (4.2) IJ (27t)3 IJ 

The tensor <l>ij(k), which is the Fourier transform of Rij(r), is often referred to as the 

energy spectrum tensor. This is easily understood if we put r = 0 in (4.2). 

00 

(4.3) 

The last equality is obtained by integrating over spherical shells in k-space and can be seen 

as a definition of the tensor Eij(K) (to avoid confusion between the turbulent kinetic energy 

and the magnitude of the wave-number vector we use the notation K = lkl). Regarding the 
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fluctuating velocities the Fourier transformation becomes somewhat more complicated. A 

necessary condition for a Fourier transformation of u(x,t) to exist is that 

Jlu(x,t) I dx < oo (4.4) 

However, this is not the case in homogeneous turbulence. If we instead consider only part 

of the turbulent field, viz. the turbulence within a large, but not infinite, control volume V 

that deforms with the flow field, the integral will be bounded and a Fourier transform will 

exist. We may interpret this volume as a representative sample of the complete field (getting 

more and more representative as V grows). In this volume we may write 

or 

Uj(X) = I Gj(k) eikox dk 

" 
1 I -ikox Uj = (27t)3 Uj(X) e dx 

and 

and 

p(x) = J p(k) eikox dk 

"(k) 1 J ( ) -ik ox d p = (27t)3 
p X e X 

From these definitions it is quite straight forward to show that 

(4.5) 

(4.6) 

(4.7) 

If we now introduce the two Fourier representations (4.5) into the equations for the 

fluctuating quantities ui ( expression ( 1 . 1 8)) and p ( expression ( 1 .20)) and then eliminate the 

pressure we obtain 

(4.8) 

where 
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The continuity equation takes the form 

/\ 
kpj = 0 (4.9) 

In the derivation of (4.8) use has been made of the fäet that all equations, due to homo

geneity, should be independent of the position vector x. This condition also gives an 

equation for the development of the wave-number vectors 

(4. 1 0) 

That the wave-number vector depends on time is an effect of the deformation of the control 

volume V. 

Now either by using the relation between the Fourier velocities and the energy spectrum 

tensor (4.7) and the equations (4.8) or by directly taking the Fourier transform of the 

equations for Rij(r) we may derive a dynarnical equation for <l>i/k). This equation reads 

where 

- t  J [ Pimn (-k)Tjmn(k,p) + Pjmn (k)Timn(-k,p)] dp 

(21t)3 /\ /\ /\ 
Timn(k, p) = -y Uj(k)um(p)u0(-k-p) 

(4. 1 1 ) 

The closure problem enters this expression via the so called third-order cumulants 

T imn(k, p ). The cumulants are a sub-group of all possible Fourier velocity correlations and 

it is  quite straightforward to show (see, e.g., Orszag & Kruskal 1968) that a general n:th

order Fourier velocity correlation (CCn) is the n:th-order cumulant) 



= 0 i f  k + p + . . .  + q "# 0 

= ____:j___3 c <n) if k + p + . . .  + q = 0 
(27t) 

but  no nontrivial subset of { k ,  p ,  . . . ,q } sums to 0 

= L (products of lower order correlations) 
if non trivial subsets of { k ,  p , . . .  , q } s u m  to 0 

and L is over all such subsets 

71 

(4. 1 2) 

The first relation is a direct consequence of homogeneity. The third relation is an effect of 

the assumption that if we have, say, four points in space and two points lie close together 

but are far away from the other two points, which also lie close to each other, then these 

two groups will be statistically independent. Note that this is only an approximation that 

gets more accurate as V grows. From the above it is clear that the only non-zero second

order Fourier velocity correlation is the second-order cumulant (i.e. , the energy spectrum 

tensor). The only non-zero third-order correlation is the cumulant Timn(k, p). However, the 

fourth-order correlations will give rise both to a fourth-order cumulant and to terms 

involving products of the second-order correlations.Thus, the equations for the third-order 

cumulants will include not only the fourth-order cumulants Uijmn(k,p,q) but also terms 

quadratic in the second-order cumulants. 

If in some manner the Timn(k, p )-term is modelled we may sol ve the equations for <l>ij· 
We may then study how the energy spectrum tensor evolves or we may use the computed 

<I>ij to calculate some of the physical quantities previously discussed and compare with 

predictions from different single-point models. We thus have, e.g., 

00 00 

(4. 13) 

(4. 14) 

(4. 15) 
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(4. 1 6) 

(4. 17) 

The last term in (4. 13)  can be seen as the definition of the energy spectrum function E(K). 

Expressions (4. 1 5) to (4. 17) are directly obtained by introducing (4.2) into (3.60) and 

(3.27), respectively. These relations between spectral and physical quantities are also useful 

when we are using rapid distortion theory. 

An example: the EDQNM-approximation in isotropic turbulence 

As an example of a two-point model and how it can be used to draw conclusions about 

single-point models we will here consider the EDQNM-approximation in isotropic 

turbulence. Other two-point models include the direct interaction approximation (DIA) 

discussed in, e.g., Herring ( 1974) whereas the use of the EDQNM-approximation in 

nonisotropic situations is described in Cambon, Jeandel & Mathieu (1981) .  Also, Nakauchi 

& Oshima ( 1987) used the EDQNM-approximation to study the return to isotropy of axi

symmetric turbulence. Among other things these computations confirm the previously 

mentioned finding that the sign of Illa affects the rate at which the turbulence approaches 

isotropy. 

In isotropic turbulence the transport equation for the spectrum tensor reduces to an 

equation for the energy spectrum function 

dE 
- + 2v K2 E = T(K t) dt ' (4. 1 8) 

where T is the transfer term. T depends on the third-order cumulants and describes how 

energy is transferred between different wave-numbers. To model T a number of 

assumptions are made (for a complete discussion on how the governing equations are 

derived and modelled see Orszag & Kruskal 1968 and Orszag 1970). In the early efforts to 

close the equations it was assumed that the fourth-order cumulants are identically equal to 

zero. This closes the set of equations so that the third-order cumulants may be expressed in 

the second-order cumulants whereupon an integro-differential equation for the energy 

spectrum tensor is obtained. Since, if the ensemble is Gaussian both the third- and the 

fourth-order cumulants vanish this assumption is usually referred to as the quasi-normal 

(QN) approximation. It was, however, found that the QN-approximation may give negative 
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values of the energy spectrum function for certain values of k (this was found to be an effect 

of "over-relaxation" of those k-values that initially had a very high energy content as 

compared to the surrounding k-values). To remedy this unrealistic behaviour an "eddy

damping" function was introduced. This function models the effects of the non-linear 

scrambling, i.e., the fäet that the correlation between different eddies is destroyed when 

they are affected by the random convection field of the other eddies. Two different eddy

damping functions are commonly used today. Orszag (1970) used a simple algebraic 

expression in which the damping in a certain Fourier mode is a function only of the local 

values of the wave-number and the energy spectrum function. 

where ( 4. 19) 

A more complex damping function was introduced by Pouquet, Lesieur, Andre & 
Basdevant (1975) 

where (4.20) 

Here the damping in a certain mode is influenced by the energy in all wave-numbers that are 

smaller than that under consideration. This expression was developed in the study of two

dimensional turbulence and accounts for the strong non-localness of the enstrophy transfer 

that may arise in this case. Furthermore, T includes an integral over time, a "memory 

integral" .  If it is assumed that the time scales of the third-order cumulants are significantly 

shorter than those of the second-order cumulants this integral may be evaluated. This is 

known as a Markovianization of T. This step is not necessary to obtain a solvable equation 

but it significantly reduces the computational time. We now have the complete .E_ddy

Damped Quasi-Normal Markovianized approximation of the equation for the spectrum 

tensor. A method to solve the equation for E in isotropic turbulence is described in detail in 

Crocco & Orlandi ( 1985). In the paper a coordinate transform is used that changes the 

originally infinite integration domain to a finite area and also automatically ensures that no 

energy is artificially dissipated when evaluating the T-integral. Regarding the question of 

how accurate the EDQNM-approximation is, it may here only be noted that Orlandi (1987) 

found very good agreement between EDQNM data and results from DNS. 

In the paper by Groth, Hallbäck & Johansson (1990) the EDQNM-approximation was 

used not only to investigate how the mode! parameter cE2 depends on the turbulent 
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FIGURE 9 The mode/ parameter cE2 vs s, where E(K) - Ks for small wave-number K. Data 

from EDQNM-computations of isotropic turbulence by Groth, Hal/bäck & Johansson 

(1990) . Solid curve is the expression for cE2(s) given by Aupoix, Cousteix & Liandrat 

(1989) . 

Reynolds number but also to see how its value is affected by the shape of the low wave

number part of the spectrum. This is an important question since the low wave-number 

range (i.e., the large eddies) change only slowly in time. Thus a dependence on the low 

wave-number part implies that the model parameter is a function of the initial conditions of 

the turbulence field which in tum points to an unsolvable !imitation in the RST-closures. It 

was found (see figure 9) that cE2 varied rather strongly with the value of s where 

E(K) � A )(S as (4.21 )  

The data points in the figure correspond to five EDQNM-computations with Reynolds 

numbers between 750 and 2500. In this Reynolds number range the variation of cE2 with 

Re A is less than 2% whereas the exponent s is seen to give a variation in cE2 of 

approximately 20%. Thus, there is a significant influence of the initial shape of the energy 

spectrum function. 

From a very simple analysis based on the assumption of a self-similar decay of a power 

law spectrum function at infinite Reynolds number Aupoix, Cousteix & Liandrat (1989) 

were able to show that 



3 s + 5 
CE2 = 

2 ( s+ l )  
(4.22) 
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This expression is also included in the figure and agrees very well with the data even though 

the energy spectrum function given by the EDQNM-computations was not of the simple 

power law form used in the analysis. Both the EDQNM data and the theoretical expression 

(4.22) also agree very well with data from DNS of decaying isotropic turbulence (Hallbäck, 

private communication). We note that s = 3/2 gives cE2 = 1 .9 (i.e. , the "standard" value). 

This was the value of s used above in the study of the dependence of cE2 on ReA-

It should also be mentioned that both eddy-damping functions were tested and the model 

constants in these were varied 15% up and down from their "standard" values. However, 

neither of these changes altered the value of cE2 by more than 1 %.  Therefore, the variations 

of cE2 with the Reynolds number and the shape of the low wave-number range discussed 

here is not an effect of the spectral modelling in the EDQNM-approximation. 

Interestingly enough the self-similar analysis carried out in George (1987) and George 

& Gibson ( 1989) immediately shows that the development of the one-point correlations 

depends on parameters associated with the initial energy spectrum function. Thus the self

sirnilar approach not only shows that one-point models may be possible to use in predicting 

the evolution of turbulent flows, but it also points out some of the !imitations of these 

simple models. 

SUMMARY 

In this thesis an attempt has been made to critically review existing turbulence models based 

on the transport equations for the Reynolds stresses. Also, some new contributions to this 

field of modelling has been given. 

The main conclusions of the thesis, which are now to be summarized, are intimately 

connected to seven of the papers in the reference list (these seven papers are reproduced 

below). In the first paper Groth & Johansson (1988) (paper Pl)  finds that the anisotropy in 

the Reynolds stress tensor is an important and persistent feature of nearly homogeneous 

turbulence affected by grids and screens. They also give one explanation to why the rate of 

the decay of the turbulent kinetic energy with time, and thereby the value of the mode! 

parameter cE2•  has been so differently estimated in the literature. Extending these 

measurements to grid turbulence passing through an axisymmetric contraction Groth, 

Hallbäck & Johansson ( 1989) (paper P2) find that the "standard" RST-models need 

irnprovement in these highly anisotropic turbulent flows. It is suggested that if the effects of 
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an anisotropic dissipation rate tensor is taken inta account the generality of RST-models 

may be improved. Measurements of one of the components of the dissipation rate tensor 

confirms this assumption (Hallbäck, Groth & Johansson 1989 (paper P3)). Thus, the first 

conclusion is that the dissipation rate tensor has a significant degree of anisotropy (even at 

turbulent Reynolds numbers of engineering interest) and that this effect needs to be 

modelled. Such a model, that fulfils all of the, in this thesis discussed, theoretical 

constraints that may be placed on a turbulence model, is presented in Hallbäck, Groth & 
Johansson ( 1990) (paper P4). The work on the dissipation rate tensor model also resulted in 

a model for the "slow" pressure-strain rate term. 

The other important part of a complete RST-closure is the equation for the total 

dissipation rate. The role that a model for the anisotropy of the dissipation rate tensor might 

have on the modelling of the mean velocity dependent production term (P e) in this equation 

is discussed in Hallbäck, Groth & Johansson ( 1991 )  (paper P6). This paper, and the 

findings reported in this thesis, gives the next conclusion, which is that the "standard" 

model for P e is in very good agreement with numerical data and that the introduction of 

more elaborate expressions seems not to give much improvement. Why this is the case is 

still an open question. 

The viscous destruction (De) and the "turbulent production" (We) terms in the total 

dissipation rate equation were considered in Groth, Hallbäck & Johansson ( 1990) (paper 

PS). Use was here made of the EDQNM-approximation to study how the model parameter 

Ce2 varies with the turbulent Reynolds number and the initial shape of the energy spectrum 

function. This study can be seen as a refinement of the results in the paper by Groth & 
Johansson ( 1988) (paper Pl) .  From these spectral computations two conclusions may be 

drawn. One is that there is an advantage of modelling De and W e together since their sum is 

less dependent on the Reynolds number than are the individual terms. The other conclusion 

is that Ce2 is dependent on the initial conditions via the energy spectrum function. Both these 

conclusions can be viewed as "experimental" verifications of earlier "infinite-Reynolds

number" arguments. The latter conclusion points to one of the !imitations of single-point 

models. 

In the last paper (Groth 1991  (paper P7)) we return to the fundamental question of how 

to write our equations so that each term has a clear physical interpretation. Here the 

conclusion is, and this is perhaps the main conclusion of this thesis, that only through 

careful consideration of both the underlying physical processes in a turbulent flow and the 

förmal constraints placed upon us by pure mathematics may generally valid turbulence 

models be excogitated. 
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APP E N DIX : THEORY OF WEAK TURBULENCE AND RAPID 

DISTORTION 

To obtain an analytical solution to the Navier-Stokes and continuity equations is, and will 

by all certainty always be, an irnpossible problem except for a very lirnited class of turbulent 

flows. However, it would be of great value when validating codes for full numerical 

simulations or when examining the structure of a proposed turbulence model to be able to 

compare, at least in some limit, the results to an analytical solution. In homogeneous 

turbulence it is quite straightforward to obtain solutions in one such lirnit, namely when it is 

assumed that the non-linear effects, i .e.,  the effects of the turbulence upon itself, can be 

modelled by a turbulent viscosity. This is the so-called theory of weak turbulence (see, e.g., 

Townsend 1976 ch. 3) which is based on the conception that most of the turbulent energy is 

located in a group of large eddies which transfer energy to the smaller eddies without 

significant change of their own structure. Under certain conditions it can be justified to 

assume that the non-linear effects can be altogether neglected when compared to the effects 

of viscosity and of the mean velocity field (see, e.g., Pearson 1959). This has the advantage 

that no modelled turbulent viscosity has to be introduced. If the distortions of the turbulence 

by the mean velocity field takes place on such a short time scale that there is no time for 

neither the dissipation nor the non-linear interactions to affect the development of the 

turbulent field one obtains what is usually referred to as the rapid distortion theory (RDT). 

These different levels of approximation can be used to study the behaviour of turbulence in 

a given mean velocity field and all take their start in the Fourier representation of the 

equations for the fluctuating quantities discussed above in connection with the two-point 

closures. 

Equation (4.8) can, in the weak turbulence theory, be written as 

" 
du. " " k-k· " 
dt

l = - (V + Yt) ic2 Uj - C1.mUm +2C- � U Jm ic2 m (A. 1 )  

where Yt i s  the turbulent viscosity and Cij = CJUjlCJXj. If the non-linear and viscous effects 

are negligible one arrives at the rapid distortion equations 

(A.2) 
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FIGURE 1 0  Normalized turbulent kinetic energy vs reference total strainfor different mean 

strain rate parameters ( 0 )  [Si "' 2.8],  ( D )  [Si "' 6.6], (6.) [Si "' 1 4.3] .  Hot- wire 

measurements in a.xisymmetric contractions (area ratios 4 and 8) by Groth & Hal/bäck 

compared with rapid distortion theory. 

If it is known that the mean velocity field is irrotational, i.e., that ni = 0, the ideas of 

weak turbulence and rapid distortion yield a simple equation for the development of the 

vorticity. The Fourier transformed vorticity can be written 

(A.3) 

whereupon use of (4.8) and (4. 10) gives 

(A.4) 
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FIGURE 1 1  Streamwise Reynolds stress anisotropy measure vs reference total strain for 

dijferent mean strain rate parameters ( O )  [Si = 2.8] ,  ( 0 )  [Si = 6.6] , (6)  [Si = 14.3] . 

Hot-wire measurements in axisymmetric contractions (area ratios 4 and 8) by Groth & 
Hallbäck compared with rapid distortion theory. 

where �ij is the Fourier transform of the turbulent strain tensor. Using the rapid distortion 

approximation and the fäet that ni was assumed to be zero yields 

(A.5) 

A question that might arise is whether the weak turbulence and the RDT approximations are 

interesting only as mathematical limits, valid only for very high values of the strain rate 

parameter Si or if they indeed can be a good approximation to some real flow situations. 

One may at least safely state that they correctly predict the behaviour of the turbulence 

during an initial period of time after a mean strain field suddenly has been imposed on the 

flow. In figure 10 the rapid distortion theory is compared with hot-wire measurements of 

the turbulent kinetic energy in an axisymmetric contraction (Groth & Hallbäck, unpublished 

results). The strain rate parameter varied between approximately 1 and 14 and ReA was 

between 300 and 3000. The trend in the data is in good agreement with the theory and the 

discrepancy in the absolute value is most likely due to the fäet that the contraction is rather 

slow at first allowing the energy to decrease before the more rapidly straining part of the 



8 1  

contraction takes over. The evolution of the streamwise anisotropy measure a1 1  (figure 1 1) 

seems to be rather independent of the strain rate parameter showing that RDT will give a fair 

prediction even for low values of Si, at least in an axisymmetric case. Both ROT and the 

weak turbulence approximation (with v1 = 0) were used by Larsson ( 199 1 )  when 

developing a ONS code for distortion of homogeneous turbulence. Good agreement was 

found between the ONS data and the analytical solutions when Si was sufficiently large. It 

was also found that retaining the viscous effects in the analysis improved the agreement. 

Rapid distortion theory has been used extensively by many different authors. Batchelor 

(1953 ch. 4) derives, in a somewhat different manner than above, equation (A.5) and solves 

it for the case of an axisymmetric strain. However, it is not clear from B atchelor's 

derivation that the mean velocity field is assumed irrotational. Townsend (1976) campares 

RDT calculations with experimental data of turbulence in a homogeneous shear and finds 

fair agreement, especially for the correlation functions. In the paper by Lee, Piomelli & 
Reynolds ( 1986) the case of compressible irrotationally and rapidly strained turbulence is 

studied. Expressions for a number of statistical quantities are derived and analyzed. As a 

tool in the work to develop better models for the RST-equations RDT has been used by 

Launder, Reece and Rodi ( 1975) who apply the results derived by Crow ( 1968) to show 

that their their model for the "rapid" pressure-strain rate term has the right limiting 

behaviour. Cambon, Jeandel & Mathieu ( 198 1)  in tum used ROT to specify one of the 

mode! functions that arose in their EOQNM- approximation of strained homogeneous 

nonisotropic turbulence. Later works include Hallbäck, Groth & Johansson ( 1990), who 

use ROT to specify a parameter in a model for the anisotropy of the dissipation rate tensor, 

thus ensuring that the model will correctly predict the behaviour of isotropic turbulence 

suddenly subjected to a homogeneous and rapid but otherwise arbitrary mean velocity 

gradient field, and Lee ( 1989, 1990). In his first paper Lee calibrates a proposed expression 

for the parameter in the linear mode! for the "rapid" pressure-strain rate term against ROT 

computations of axisymmetrically strained turbulence. In the second paper a series 

expansion is derived, in the irrotational rapid distortion limit, for the "rapid" pressure-strain 

rate term which is of fourth order in aij · The expression is found to agree, in the axi

symmetric case, with numerical data (Si "' 100) and the exact analytical expression. 



82 

REFERENCES 

Antonia, R.A., Anselmet, F. & Chambers, AJ. 1986 Assessment of local isotropy using 

measurements in a turbulent plane jet. J. Fluid Mech., 163, 365. 

Antonia, R.A., Shah, D.A. & Browne, L.W.B. 1987 Spectra of velocity derivatives in a 

turbulent wake. Phys. oj Fluids, 30, 3455. 

Aupoix, B., Cousteix, J. & Liandrat, J. 1989 MIS: A way to derive the dissipation 

equation. In Turbulent Shear Flow, vol. 6 (eds. J.-C. Andre), p. 6, Springer. 

Batchelor, G.K. & Townsend A.A. 1947 Decay of vorticity in isotropic turbulence. Proc. 

Roy. Soc. London, ser. A, 190, 534. 

Batchelor, G.K. 1953 The theory oj homogeneous turbulence. Cambridge University 

Press. 

Boussinesq, J. 1877 Theorie de l'ecoulement tourbillant. Mem. Pre. par. div. Sav., 23. 

Bradshaw, P., Mansour, N.N. & Piomelli, U. 1987 On local approximations of the 

pressure-strain term. In Proc. oj the 1987 Summer Program, Center for Turbulence 

Research, NASA Arnes - Stanford University, USA. 

Brand, L. 1962 Vector and tensor analysis (8th ed.). John Wiley & Sons. 

Brasseur, J.G. & Corrsin, S. 1987 Spectral evolution of the Navier-Stokes equations for 

low order couplings of Fourier modes. In Advances in turbulence, vol. 1 (eds G. 

Comte-Bellot & J. Mathieu),  p. 152, Springer. 

Brasseur, J.G. & Lee, M.J. 1987 Local structure of intercomponent energy transfer in 

homogeneous turbulent shear flow. In Proc. oj the 1987 Summer Program, Center for 

Turbulence Research, NASA Arnes - Stanford University, USA. 

Brasseur, J.G. & Lee, M.J. 1989 Pressure-strain rate events in homogeneous turbulent 

shear flow. In Advances in turbulence, vol. 2 (eds H.-H. Femholz & H.E. Fiedler), p. 

306 Springer. 

Browne, L.W.B., Antonia, R.A. & Shah, D.A. 1987 Turbulent energy dissipation in a 

wake. J. Fluid Mech., 179, 307. 

Cambon, C., Jeandel, D. & Mathieu, J. 198 1 Spectral modelling of homogeneous non

isotropic turbulence. J. Fluid Mech. ,  104, 247. 

Champagne, F.H., Harris, V.G. & Corrsin, S. 1970 Experiments in nearly homogeneous 

shear flow. J. Fluid Mech., 41, 8 1 .  

Chou, P .  Y. 1945 On velocity correlations and the solutions of the equations of turbulent 

fluctuations. Quart. Appl. Math., 3, 38.  

Comte-Bellot, G. & Corrsin, S .  1966 The use of a contraction to improve the isotropy of 

grid-generated turbulence. J. Fluid Mech., 25, 657. 



83 

Crocco, L. & Orlandi, P. 1985 A transformation for the energy-transfer term in isotropic 

turbulence. J. Fluid Mech. ,  161, 405. 

Crow, S.C. 1968 Viscoelastic properties of fine-grained incompressible turbulence. J. 

Fluid Mech., 33, 1 .  

Daly, B.J. & Harlow, F.H. 1970 Transport equations in turbulence. Phys. of Fluids, 13, 
2634. 

Domaradzki, J.A. 1988 Analysis of energy transfer in direct numerical simulations of iso

tropic turbulence. Phys. of Fluids, 31, 2747. 

Domaradzki, J.A. & Rogallo, R.S. 1990 Local energy transfer and nonlocal interactions in 

homogeneous, isotropic turbulence. Phys. of Fluids A, 2, 4 1 3 . 

van Driest, E.R. 1956 On turbulent flow near a wall. J. Aero. Sci., 23, 1007. 

Ekander, H. 1988 Prediction of curved and rotating channel flows with an improved 

algebraic Reynolds stress model. Dept. of Mech., Royal Institute of Technology, rep. 

no. TRITA-MEK-88-06. 

Ekander, H. & Johansson, A.V. 1989 An improved algebraic Reynolds stress model and 

application to curved and rotating channel flows. In Proc. of the Seventh Symposium on 

Turbulent Shear Flows, Stanford University, USA. 

El Baz, A., Launder, B .E. & Nemouchi, Z. 1989 On the prediction of memory effects in 

plane turbulent wakes. In Open Forum Abstracts, appendix to the Proc. of the Seventh 

Symposium on Turbulent Shear Flows, Stanford University, USA. 

Escudier, M.P. 1966 The distribution of rnixing-length in turbulent flows near walls. Heat 

transfer section, Imperial College, rep. no. TWF(fN/12. 

Feiereisen, W.J., Shirani, E., Ferziger, J.H. & Reynolds, W.C. 1 982 Direct simulation of 

homogeneous turbulent shear flows on the ILLIAC IV computer: applications to 

compressible and incompressible modelling. In Turbulent Shear Flow 3 (eds Bradbury, 

Durst, Launder, Schmidt & Whitelaw), p. 309, Springer. 

Gence, J.N. & Mathieu, J. 1980 The return to isotropy of an homogeneous turbulence 

having been subrnitted to two successive plane strains. J. Fluid Mech., 101, 555. 

George, W.K. 1987 A theory for the decay of homogeneous isotropic turbulence. 

Turbulent Research Laboratory, Dept. of Mech. and Aerospace Engineering, State 

University of New York at Buffalo, rep. no. 1 22. 

George, W.K. & Gibson, M.M. 1989 Theory for self-preserving homogeneous turbulent 

shear flow. In Proc. of the Seventh Symposium on Turbulent Shear Flows, Stanford 

University, USA. 



84 

George, W.K. & Hussein, H.J. 1990 Locally axisymmetric turbulence. Turbulent Research 

Laboratory, Dept. of Mech. and Aerospace Engineering, State U niversity of New York 

at Buffalo, rep. no. 1 22. 

George, W.K. & Taulbee, D.B. 1990 Designing experiments to test closure hypotheses. In 

Engineering Turbulence Modelling and Experiments, (eds W. Rodi & E.N. Ganic) , p. 

383, Elsevier. 

Gerz, T., Schumann, U. & Elghobashi, S.E. 1989 Direct numerical simulations of 

stratified homogeneous turbulent shear flows. J. Fluid Mech., 200, 563. 

Gibson, C.H., Friehe, C.A. & McConnell, S .O. 1977 Structure of sheared turbulent fields. 

Phys. of Fluids, 20, S 1 56. 

Groth, J. & Johansson, A.V. 1988 Turbulence reduction by screens. J. Fluid Mech., 197, 
1 39 .  

Groth, J . ,  Hallbäck, M.  & Johansson, A.V. 1989 Measurement and modeling of 

anisotropic turbulent flows. In Advances in Turbulence, vol. 2 (eds H.-H. Fernholz & 
H.E. Fiedler), p. 84, Springer. 

Groth, J. , Hallbäck, M. & Johansson, A.V. 1990 A nonlinear model for the dissipation rate 

term in Reynolds stress models. In Engineering Turbulence Modelling and Experiments, 

(eds W. Rodi & E.N. Ganic), p .  93, Elsevier. 

Groth, J. 199 1  Description of the pressure related effects in the Reynolds stress transport 

equations. Submitted to Phys. Fluids A. 

Hallbäck, M., Groth, J. & Johansson, A.V. 1989 A Reynolds stress closure for the 

dissipation in anisotropic turbulent flows. In Proc. of the Seventh Symposium an 

Turbulent Shear Flows, Stanford University, USA. 

Hallbäck, M., Groth, J. & Johansson, A.V. 1990 An algebraic model for nonisotropic 

turbulent dissipation rate in Reynolds stress closures. Phys. Fluids A, 2, 1 859. 

Hallbäck, M., Groth, J. & Johansson, A.V. 199 1 Anisotropic dissipation rate -

implications for Reynolds stress models. In Advances in Turbulence, vol. 3 (eds A.V. 

Johansson & P.H. Alfredsson), p. 4 14, Springer. 

Hanjalic, K. & Launder, B .E. 1972 A Reynolds stress model of turbulence and its 

application to thin shear flows. J. Fluid Mech. ,  52, 609. 

Hanjalic, K. & Launder, B .E. 1976 Contribution towards a Reynolds-stress closure for 

low-Reynolds-number turbulence. J. Fluid Mech., 74, 593. 

Harris, V.G., Graham, A.H. & Corrsin, S. 1977 Further experiments in nearly 

homogeneous turbulent shear flow. J. Fluid Mech. ,  81, 657. 

Herring, J.R. 1974 Approach of axisymmetric turbulence to isotropy. Phys. Fluids, 17, 
859. 



Hinze, J.O. 1959 Turbulence. McGraw-Hill Book Company. 

Hussein, H.J. & George, W.K. 1989 Measurement of small scale turbulence in an axi 

symmetric jet using moving hot-wires. In Proc. oj the Seventh Symposium on 

Turbulent Shear Flows, Stanford University, USA. 

von Kannan, T. 1930 Mechanische Ähnlichkeit und Turbulenz. Nach. Ges. Wiss. 

Göttingen, Math. Phys. Klasse, 58. Also as NACA TM 6 1 1  (193 1) .  

Kim, J . ,  Moin, P.  & Moser, R.D. 1987 Turbulence statistics in fully developed channel 

flow at low Reynolds number. J. Fluid Mech., 177, 133. 

85 

Larsson, T. 1991 Direct numerical simulation of homogeneous turbulence. Dept. of Mech., 

Royal Institute of Technology, rep. in preparation. 

Launder, B .E. & Spalding, D.B. 1972 Mathematical modets oj turbulence. Academic 

Press. 

Launder, B.E.,  Reece, G.J. & Rodi, W. 1975 Progress in the development of a Reynolds

stress turbulence closure. J. Fluid Mech., 68, 537. 

Launder, B .E. 1989 Second moment closure: present. . .  and future? Int. J. Heat and Fluid 

Flow, 10, 282. 

Lee, M.J. & Reynolds, W.C. 1985 Numerical experiments on the structure of homo 

geneous turbulence. Thermosciences Div., Dept. of Mech. Engineering, Stanford 

University, rep. no. TF-24. 

Lee, M.J., Piomelli, U. & Reynolds, W.C. 1986 Useful formulas in the rapid distortion 

theory of homogeneous turbulence. Phys. oj Fluids, 29, 347 1 .  

Lee, M.J. 1989 Distortion of homogeneous turbulence by axisymmetric strain and 

dilatation. Phys. oj Fluids A, 1, 1541 .  

Lee, M.J. 1990 A contribution toward rational modeling of the pressure-strain rate 

correlation. Phys. oj Fluids A, 2, 630. 

Lee, M.J., Kim, J. & Moin, P. 1990 Structure of turbulence at high shear rate. J. Fluid 

Mech. ,  216,  561 . 

Lesieur, M. 1987 Turbulence influids. Martinus Nijhoff Publishers. 

Lumley, J.L. 1970 Toward a turbulent constitutive relation. J. Fluid Mech. ,  41, 4 14. 

Lumley, J.L. 1975 Pressure-strain correlation. Phys. oj Fluids, 18, 750. 

Lumley, J.L. & Newman, G.R. 1977 The return to isotropy of homogeneous turbulence. 

J. Fluid Mech., 82, 161 .  

Lumley, J.L. 1978 Computational modeling of turbulent flows. Adv. Appl. Mech. ,  18, 
1 23.  



86 

Löfdahl, L., Stemme, G., Johansson, B. & Jernqvist, L. 1 99 1  Turbulence measurements 

using double-chip silicon sensors. In Advances in Turbulence, voI. 3 (eds A.V. 

Johansson & P.H. Alfredsson), p. 488, Springer. 

Mansour, N.N., Kim, J. & Moin, P. 1988 Reynolds stress and dissipation rate budgets in 

a turbulent channel flow. J. Fluid Mech., 194, 15 .  

Morris, P.J. 1 984 Modeling of the pressure redistribution terms. P hys. F luids, 27,  1 620. 

Nakauchi, N. & Oshima, H. The return of strongly anisotropic turbulence to isotropy. 

Phys. Fluids, 30, 3653. 

Nikuradse, J. 1932 Gesetzmässigkeit der turbulenten Strömung in glatten Rohren. Forschg. 

Arb. Ing.-Wes. ,  356. 
Orlandi, P. 1987 Validation of EDQNM for subgrid and supergrid models. In Proc. of the 

1987 Summer Program, Center for Turbulence Research, NASA Arnes - Stanford 

University, USA. 

Orszag, S .A. & Kruskal, M.D. 1 968 Formulation of the theory of turbulence. Phys. 

Fluids, 11 ,  43. 

Orszag, S .A. 1970 Analytical theory of turbulence. J. Fluid Mech., 41, 363. 

Orszag, S .A. & Israeli, M. 1974 Numerical simulation of viscous incompressible flows. 

Ann. Rev. Fluid Mech., 6, 28 1 .  

Pearson, J.R.A. 1959 The effect of uniform distortion on weak homogeneous turbulence. 

J. Fluid Mech., 5, 274. 

Pope, S.B. 1985 Pdf methods for turbulent reacting flows. Prag. Energy Combust. Sci., 

1 1 ,  1 19.  

Pouquet, A., Lesieur, M., Andre, J.C. & Basdevant, C. 1 975 Evolution of high Reynolds 

number two-dimensional turbulence. J. Fluid Mech., 72, 305. 

Prandtl, L. 1 925 Bericht iiber Untersuchungen zur ausgebildeten Turbulenz. Z. A. M. M., 

5, 1 36. 

Rodi, W. 197 1  On the equation governing the rate of turbulent energy dissipation. Dept. of 

Mech. Engineering, Imperial College, rep. no. TM(fN/A/14. 

Rodi, W. 1 976 A new algebraic relation for calculating the Reynolds stresses. Z. A. M. M., 

56, T2 19. 

Rodi, W. 1980 Turbulence models and their applications in hydraulics - a state of the art 
review. Int. Association for Hydraulic Research, Delft, The Netherlands. 

Rodi, W. 1990 Practical applications of turbulence models. Lecture notes for Short Course 

on Turbulence and Turbulence Modelling, Dubrovnik, Yugoslavia. 

Rogallo, R.S. 198 1  Numerical experiments in homogeneous turbulence. NASA TM 8 1 3 15.  



87 

Rogallo, R.S .  & Moin, P. 1984 Numerical simulation of turbulent flows. Ann. Rev. Fluid 

Mech. ,  16, 99. 

Rotta, J.C. 195 1 a  Statistische Theorie nichthomogener Turbulenz I. Z. Phys. ,  129, 547. 

Rotta, J.C. 195 1 b  Statistische Theorie nichthomogener Turbulenz Il. Z. Phys., 131, 5 1 .  

Sarkar, S .  & Speziale, C.G. 1990 A simple nonlinear model for the return to isotropy in 

turbulence. Phys. Fluids A, 2 ,  84. 

Schlichting, H. 1969 Boundary-layer theory. McGraw-Hill. 

Schumann, U. 1 977 Realizability of Reynolds-stress turbulence models. Phys. Fluids, 20, 
7 2 1 .  

Schumann, U .  & Patterson, G.S. 1978 Numerical study of the return of axisymrnetric 

turbulence to isotropy. J. Fluid M ech., 88, 7 1 1 . 

Shih, T.-H. & Lurnley, J.L. 1985 Modelling of pressure correlation terms in Reynolds 

stress and scalar flux equations. Sibley School of Mech. and Aero. Engineering, Cornell 

University, rep. no. FDA-85-3. 

Shih, T.-H. , Mansour, N.N. & Chen, J.Y. 1987 Reynolds stress models of homogeneous 

turbulence. In Proc. of the 1987 Summer Program, Center for Turbulence Research, 

NASA Arnes - Stanford University, USA. 

Speziale, C.G. 1989 Turbulence modeling in non-inertial frames of reference. Theor. 

Comput. Fluid Dyn., 1, 3. 

Speziale, C.G. 199 1  Analytical methods for the development of Reynolds-stress closures in 

turbulence. Ann. Rev. Fluid Mech., 23, 107 .  

Tennekes, H.  & Lumley, J.L. 1983 Afirst course in turbulence. The MIT Press. 

Townsend, A.A. 1 976 The structure of turbulent turbulent shear jlow (2nd ed.), Cambridge 

University Press. 

Uberoi, M.S. 1956 Effect of wind-tunnel contraction on free-stream turbulence. J. Aero. 

Sci. , 23,  754. 

Uberoi, M.S .  1 957 Equipartition of energy and local isotropy in turbulent flows. J. Appl. 

Phys. ,  28, 1 165. 

Weinstock, J. 198 1 Theory of pressure-strain rate correlation for Reynolds stress 

turbulence closures. Part 1 .  Off-diagonal elements. J. Fluid Mech., 105, 369. 

Weinstock, J. 1982 Theory of the pressure-strain rate. Part 2. Diagonal elements. J. F luid 

Mech. ,  116 ,  1 .  

Weinstock, J. & Burk, S .  1985 Theoretical pressure-strain term, experimental comparison, 

and resistance to large anisotropy. J. Fluid Mech., 154, 429. 



88 

Weinstock, J. & Shariff, K. 1987 Evaluation of a theory for pressure-strain rate. In Proc.of 

the 1987 Summer Program, Center for Turbulence Research, NASA Arnes - Stanford 

University, USA. 

Weinstock, J. 1989 Comparison of a pressure-strain rate theory with simulations. J. Fluid 

Mech. ,  205, 195. 

Yeung, P.K. & Brasseur, J.G. 1990 The response of isotropic turbulence to isotropic and 

anisotropic forcing at the large scales. Paper in preparation. 



89 

Some of the papers that have been discussed in this thesis are now reproduced in the form 

in which they have been published or submitted to publishing. The papers are 

P l  Groth, J .  & Johansson, A.V. 1988 

Turbulence reduction by screens. 

J. Fluid Mech., 197, 1 39.  

P2 Groth, J., Hallbäck, M. & Johansson, A.V. 1989 

Measurement and modeling of anisotropic turbulent flows. 

In Advances in Turbulence, vol. 2 (eds H.-H. Femholz & H.E. Fiedler), p. 84, 

Springer. 

P3 Hallbäck, M., Groth, J. & Johansson, A.V. 1 989 

A Reynolds stress closure for the dissipation in anisotropic turbulent flows. 

In Proc. of the Seventh Symposium on Turbulent Shear Flows, Stanford University, 

USA. 

P4 Hallbäck, M., Groth, J. & Johansson, A.V. 1990 

An algebraic model for nonisotropic turbulent dissipation rate in Reynolds stress 

closures. 

Phys. Fluids A, 2, 1859. 

PS Groth, J., Hallbäck, M. & Johansson, A.V. 1990 

A nonlinear model for the dissipation rate term in Reynolds stress models. 

In Engineering Turbulence Modelling and Experiments, (eds W. Rodi & E.N. 

Ganic), p. 93, Elsevier. 

P6 Hallbäck, M., Groth, J. & Johansson, A.V. 1991 

Anisotropic dissipation rate - implications for Reynolds stress models. 

In Advances in Turbulence, vol. 3 (eds A.V. Johansson & P.H. Alfredsson), 

p. 4 14, Springer. 

P7 Groth, J. 1 99 1  

Description of the pressure related effects i n  the Reynolds stress transport equations. 

Submitted to Phys. Fluids A. 





Sex stå/te Kämpar,företrädandes de Musers ära: 
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Så måst vi dock bekänna, 

Att den är ingen ära värd, som slår ett hat 
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Till Lärdom, Bok och Penna. 
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av Georg Stjemhjelm 
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( Received 1 3  April 1 987 and in revised form 6 May 1 988) 

Turbulence suppression by use of screens was studied in a small wind tunnel 
especially designed and built for the purpose. Wide ranges of mesh sizes and wire
diameter Reynolds numbers were covered in the present investigation, enabling the 
study of sub- and super-critical screens under the same, well-controlled, ftow 
conditions. For the latter type small-scale ftuctuations, produced by the screen itself, 
interact with the incoming turbulence. In the immediate vicinity of the screen the 
turbulence was found to be highly anisotropic and the intensities were higher than 
on the upstream side . Downstream of a short initial decay region , where the 
intensities decrease rapidly, the return to isotropy was found to be much slower than 
for the unmanipulated turbulence. The latter was generated by a square rod grid, 
and was shown to become practically isotropic beyond a distance of roughly 20 mesh 
widths from the grid. The role of the turbulence scales for the overall reduction 
effectiveness, and for the optimization of screen combinations for application in low
turbulence wind tunnels was studied. 

1. Introduction 

The effects on turbulence of screens or wire gauzes is a classical topic for both 
theoretical and experimental turbulence investigations, as may be seen from the 
review material in Corrsin ( 1 963) and Laws & Livesey ( 1978 ) .  The latter also deals 
with various other aspects of ftow through screens, such as effects on mean velocity 
distributions and mean ftow direction. In the present study we will focus on the 
turbulence reduction processes in the case of a uniform, perpendicularly oncoming 
stream with moderate turbulence intensities, which is a problem of considerable 
practical importance. For instance, the use ofscreens to improve flow quality in wind 
tunnels was first suggested by Prandtl ( 1932 ) .  Limitations on power input and 
cooling devices are factors that contribute to the importance of optimizing the use 
of screens for turbulence reduction at a given pressure drop. 

The problem of turbulence suppression by screens also contains many interesting 
basic features of how turbulent eddies of disparate scales interact, etc. On the 
upstream side there is a pressure redistribution, and a stream contraction into the 
centre-plane of the screen, whereas on the downstream side thin shear layers are 
present and vortices are shed if the Reynolds number (Red) based on wire diameter 
is large enough ( ;;::; 40) .  The processes may be expected to be quite different above 
and below this value of the Reynolds number, which hence is one of the primary 
parameters to characterize the effects of a screen. Another parameter that infl.uences 
the pressure drop across the screen is the solidity, U', defined as projected solid area 
per unit total area. For values of U' higher than about 0.5 fl.ow instabilities due to jet 
coalescence may occur (see e.g. Baines & Peterson 195 1 ) .  Screens for turbulence 
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suppression, hence, always have solidities below this value . The change in ftow 
direction can be described by a refraction coefficient, a (see e.g.  Laws & Livesey 
1978) ,  defined as the ratio between the ftow angles on the downstream and upstream 
sides, respectively. 

A complete theoretical treatment of the ftow through a screen is, as yet, not a 
tractable problem, but various theoretical modelling efforts have been roade. Taylor 
& Batchelor ( 1 949) studied the effect of screens both on steady mean ftow 
disturbances and on turbulence by a linear, inviscid analysis, neglecting the 
generation of turbulence by the screen itself (see also Batchelor 1 976) .  Assuming 
isotropy for the incoming turbulence, they could determine reduction factors for the 
streamwise and lateral intensities, which depend solely on a and the static pressure 
drop coefficient for the screen .  

Dryden & Schubauer ( 1 947) put forward a simple empirical formula for the 
reduction factors. The bulk of their experiments were carried out with the screens 
placed in the settling chamber of a wind tunnel, while the actual measurements were 
roade in the test section. They noted that for a given total pressure drop it is 
advantageous to use several screens with relatively low pressure drop coefficients. 
Schubauer, Spangenberg & Klebanoff ( 1 950) studied damping characteristics of 
screens both in the super- and the sub-critical ranges. They also investigated the 
dependen ce of the critical Reynolds number on solidity in the range 0. 1 9-0.57 . 
Several experimental investigations of turbulence reduction by screens and other 
ftow manipulators have been carried out by Nagib and coworkers. Tan-Atichat, 
Nagib & Loehrke ( 1982) studied the effects of screens and perforated plates on the 
streamwise turbulence intensity in two small wind tunnels (diameters 7 and 15 cm) ,  
for a variety of incoming ftow conditions. They found that for supercritical screens 
the mesh size should be chosen such that the lengthscales of the turbulence generated 
by the screen are smaller than those of the incoming turbulence, but not much 
smaller. The motivation given for this was that under these conditions the spectral 
transfer of energy to dissipative scales would be maximized. 

Turbulence was, in the present study, generated by means of a square rod grid, and 
wide ranges of the screen mesh size and Reynolds number, Red, were covered. 
Subcritical screens (Red < 40) were shown to give a large reduction, but the 
maximum turbulence suppression for a given total pressure drop was found for 
cascade type of combinations in which the screen furthest downstream has a low 
supercritical Reynolds number, whereas the upstream ones are chosen to be 
relatively coarse. However, the mesh width should be significantly smaller than the 
typical scale of the incoming turbulence . Very few data exist in the literature 
regarding the behaviour of the lateral turbulence intensities behind screens .  In the 
present study the manner in which the ftow behind screens, as well as grids, returns 
to istropy was studied. 

2. Experimental apparatus and procedure 
The present ftow facility was designed specifically for the study of turbulence 

damping by screens and permits different screens and screen combinations to be 
readily interchanged. It is built as an open-circuit blowing type wind tunnel with a 
2 m long (0.45 x 0.45 m2) test section. Muffiers were placed on both sides of the fan to 
obtain a low noise level .  The fan motor was equipped with guide vanes to reduce swirl 
and a conical afterbody long enough to prevent separation. Two honeycombs and 
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\Vire 
Mes hes diameter 

No . ( in .-1 )  (mm) Sol idity Red K 

1 2 . 1  2.50 0.37 830 0.68 
2 4.9 1 .00 0.35 330 0.66 
3 7 .9  0 .50 0.29 1 70 0.49 
4 1 2 . I  0.50 0.42 1 70 0.99 
5 1 9.0 0.24 0.33 80 0.79 
6 34.0 0. 1 9  0.44 65 1 .64 
7 1 47 .0 0.04 0.4 1 1 3  2.90 

Grid 1 .0 6.00 0.42 2000 

TABLE I .  Basic data for the grid and the screens. Reynolds numbers and resistance coefficient (K) 
values are gi,·en at a mean ,-elocity of 5 m/s. 

four screens eliminate to a high degree the remnants of swirl and other flow 
disturbances introduced by the fan . 

Turbulence was generated by means of a biplane grid ,  made of wooden rods of 
square cross-section (6 x 6 mm2} .  The solidity was 0.42 and the mesh width 25 mm. 
For the bulk of the experiments presented here it was placed 20 mesh widths 
upstream of the position where the screens to be studied were inserted. This ensures 
that the screens will be far enough downstream to avoid the initial region of strong 
anisotropy, and that the turbulence has become laterally homogeneous (see e.g.  
Hinze 1 959) .  Combinations with up to five screens were used here, hut the set-up 
allows for practically any number of screens. The separations could be varied from 
0.05 m to 0.30 m by means of inserts. 

The flow behind the grid had a mean velocity (U)  of about 5 m/s, and was 
reasonably uniform in the streamwise direction and in cross-stream planes. The 
difference between the maximum and minimum velocity values within a streamtube 
0. 1 x O. l  m2 along the centreline of the test section was less than 4 %  of the mean 
velocity. Without grid or screens the turbulence lev el was approximately 0.4 % at the 
beginning of the test section. The lateral dimension (0.45 m) was sufficiently large to 
ensure negligible influence from the wall boundary layers, and to provide a good 
homogeneity in the cross-stream direction of the grid turbulence. A zero pressure 
gradient, and hence constant free-stream velocity, was ensured by a slightly 
increasing cross-sectional area in the streamwise direction. This was achieved by 
giving one of the walls an opening angle of 0.7° .  

The seven different types of screens used cover a wide range of mesh sizes and wire 
diameters (see table 1 ) .  The solidity was in all cases below 0.44 to avoid jet 
coalescence. The coarsest screen had a mesh size of half of that of the grid or 70 times 
that of the finest screen . The latter is subcritical at the velocities used here, its 
Reynolds number (Red) based on the wire diameter being only about 10. For 
Reynolds numbers below roughly 40 no turbulence will be produced by vortex 
shedding. Schubauer et al. ( 1 950) found a critical Reynolds number of about 50 for 
a solidity of 0.4.  The present findings (figure 1 )  indicate that the transition from 
subcritical to supercritical behaviour is smooth in terms of the pressure drop. 

The static pressure drop across a screen is, in wind-tunnel applications, the penalty 
to be weighed against the positive effect of turbulence reduction. A natura! aim 
would hence be to maximize the damping for a given pressure drop. The dependence 
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FIGURE I .  The static pressure drop function f as a function of the ,,·ire diameter Reynolds number. 
Data for all the seven screens at ten different Yelocities are included. Each screen is represented by 
a separate symbol. 

of the static pressure drop coefficient . K. on the Reynolds number and the solidity, 
<r ,  can be expressed as (see Pinker & Herbert 1 96i or Laws & Livesey 1 978) 

K =  t,.�sta.t = J(Re ) l - ( l - <r)2 . 
0.0pl 2 d 

( l  - <r)2 · 

(2 . 1 )  

where p is the fluid density and j(Red ) is an empirical function. The function j(Red ) 
can be seen in figure l to reach a constant ,·alue of about 0.45 for high Red-values, 
but increases quite dramatically with decreasing Reynolds numbers below 100.  
Hence, subcritical screens give a high static pressure drop coefficient. For a given 
screen the K-value is about three times larger at Red = 10 as compared to that at 
Red =  100. Taylor & Da,·ies ( 1 944) made pressure drop measurements in the 
Reynolds number range 250-600. They found a trend that well agrees with that in 
figure 1 and their asymptotic pressure drop coefficient corresponds to f = 0.45 for 
<r = 0.35. For higher solidities, howe,·er, their asymptotic rnlues are higher (up to 
0.6) .  Pinker & Herbert ( 1 967 ) present pressure drop data for Reynolds numbers 
above 300 with <r in the range 0.36-0.68. Their f-rnlues decrease slightly with 
Reynolds number and leve! off at about 0.50, which is somewhat higher than the 
value found here. It is noteworthy that the data in figure 1 co,·er Reynolds numbers 
all the way between 2 and 850. 

The turbulence measurements were carried out with standard hot-wire single and 
X-probes, as well as a hot-film X-probe. These could be tra,·ersed in the streamwise 
direction (along the x-axis) and vertically (along the y-axis ) .  The anemometer signals 
were sampled and stored with a MIXC PDP 1 1 /23 on which also all data evaluation 
was made. 

In order to correctly evaluate the degree of anisotropy behind grids and screens it 
is essential , when using hot wires or hot films, to be aware of the influence of 
tangential cooling. This can be taken into account in two different ways, viz. either 
by calibrating the probes against flow wlocity and angle or by using the complete 
cosine law including the tangential cooling coefficient k. For an X-probe in the (x, y)
plane with wires in 45° to the mean flow direction the effecti,·e cooling velocities can 
be expressed as 

_ {(U + u ± v)2 2 (C + u + v)2 2 ·2}i 
Uerr1 . 2  - V2 

+ k 
V 2  

+ h w , (2 .2 )  
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where u, v and w denote the velocity ftuctuations in the streamwise (x) and lateral 
(y ,  z) directions. The measured u and v components are calculated as Uerr1 ± Uerr, , 
respectively, divided by y2 and a factor ( 1  + k2 )� , where the latter arises from the 
calibration procedurc. This yields the following lowest-order relations between 
measured and true values of the turbulence intensities : 

1 - k2 
(vrms lmeas = l + k2 Vrms · (2 .3)  

The same correction as for vrms is also valid for the mean value of uv. The k-value for 
hot wires was determined for various length to diameter ratios by Champagne, 
Sleicher & Wehrmann ( 1 967 ) .  For l/d = 200 (as used here) the k-value was found to 
be 0.2 ,  which means that the measured vrms-value is 8 % too low if the tangential 
cooling is neglected . A cylindrical hot-film X-probe was found to give practically 
identical results as the hot wires when its tangential cooling sensitivity was 
accounted for. The hot-film ( DISA 55R6 1 )  k-factor deduced from comparisons 
between the measured vrms-values from the hot-film and hot-wire probes was 0.32. 
This agrees well with that (0.35) determined by Alfredsson & J ohansson (unpublished 
results) .  The correct ion for the hot-film probe, hence, corresponds to 23 % of the 
measured vrms · 

3. Results 
The turbulence intensities (normalized by U )  produced by the grid were 

approximately 5.5% both in the streamwise and the lateral directions at x = 0, i .e .  
at  20 mesh widths (M) downstream the grid. This is  the position where screens are 
inserted and if only onc is used, x is hence measured from that screen. It has been 
reported in several earlier investigations that turbulence behind a grid retains a small 
degree of anisotropy over very large downstream distances. For instance, Comte
Bellot & Corrsin ( 1966) found a practically constant value of vrms/urms slightly above 
0.9,  over as long a distance as 400 mesh widths, whereas values around 0.8 ,  were 
reported by Grant & Nisbet ( 1 957) and Kistler & Vrebalovich ( 1966) .  The persistence 
of anisotropy in experimental situations may be influenced by large-scale non
isotropic turbulence on the upstream side of the grid. This factor, however, is not 
l ikely to have inftuenced the above results. The rate of return to isotropy can also 
depend slightly on a macroscale ( i .e .  integral scale) Reynolds number. 

The present results indicate that the turbulence behind the grid indicate returns 
to a practically isotropic state within about 20 mesh widths ( figure 2) .  The effects of 
tangential cooling were here accounted for in evaluating vrms (see § 2 ) .  For a k-value 
of 0.2 one would get an 8 % correction for the vrms-data of Comte-Bellot & Corrsin 
( 1966) ,  and thereby a vrms/urms-ratio very close to unity . Thus, tangential cooling of 
the hot wires may, at least partly, explain the lack of return to isotropy behind grids 
reported in most earlier studies. t It is interesting to find that Batchelor & Townsend 
( 1 947 )  concluded in an indirect manner, from u-component measurements of the 
Taylor microscale, that isotropy behind a grid is reached aftcr roughly 20 mesh 
widths. In figure 2 vrms/urms is greater than 1 close to the grid whereafter it decreases 
towards unity. A rapid decrease occurs in the region where the cross-stream 

t Kistler & Vrebalovich used an angle calibration of their X-wire. This involved fairly !arge 
uncertainties for the determination of vrms with the analogue technique used. They estimated an 
error lim it of 10 % in the wire calibrations, but this could probably be an over-optimi"stic value. 
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FIGURE 3. Decay of the grid turbulence. 0 ,  (U /urmsl2 and /:::, , (U /v,m,)2 as a function of (x' - x�)/ 
M ,  where x' is the distance measured from the grid, x� is the virtual origin and M is the mesh width . 
The solid line represents a power-law dependence with exponent 1 .0 .  

inhomogeneities are substantial. Beyond ten mesh widths the variation of the ratio 
between the intensities is very slow, and the value is typically only a few per cent 
below unity far downstream.  

The grid-turbulence intensity urms was found to conform well to the standard type 
of power-law x-dependence (see Batchelor & Townsend 1 948) ,  i .e .  

(3 . 1 )  

where x' is the distance downstream of the grid and x� i s  a virtual origin . Figure 3 
shows the decay of turbulence intensities in the region x' > 20 M,  i .e .  where 
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FIGURE 4. Typical example of the effect of a supercritical screen on t he streamwise turbulence 
intensity (mesh width M = 0.52 cm, O' = 0.35 and Red :::::: 330) .  

approximate isotropy prevails. The best fit to the experimental data in this region 
was found for C = 25.2,  a virtual origin of 6.0M and an exponent n of 1 .0 .  This is also 
the exponent that can be derived from simple dimensional arguments (see Tennekes 
& Lumley 1 983) .  The approximate isotropy for x' > 20M implies that urrns and vrrns 
obey the same decay law. 

Hanarp ( 1 98 1 )  also found a decay-law exponent, in the same region as above, of 
1 .0. Several other investigators (e .g.  Baines & Petersen 195 1 ; Comtc- Bellot & Corrsin 
1 966) have found larger values of n, which can be explained by the fact that data 
closer to the grid ha ve been included in the determination of the power law constants. 
Inclusion of data from the strongly anisotropic region leads to a larger exponent due 
to the more rapid decay in this region. When all data beyond 0.8M were included we 
obtained a decay law with n = 1 .32, in close agreement with the results of Wahrhaft 
& Lumley ( 1 978) who obtained n = 1 .34 (with zero virtual origin ) ,  and with the data 
of Comte-Bellot & Corrsin . 

The effect of a supercritical screen on the streamwise turbulence intensity 
(urmsf U) is illustrated in figure 4. The measurements on the upstream side were here 
done with the probe penetrating the screen. The turbulence intensity decreases as the 
flow approaches the plane of the screen due to the contraction effect and a pressure 
redistribution on the upstream side. Near the screen on the downstream side the 
turbulence intensity is higher than it would be without a screen . This is due to the 
vortex shedding from the wires , and the wire-wake shear layers, that give rise to high 
intensity small-scale turbulence , which however, decays rapidly . When only one 
screen is used the distance required for the intensity to fall below the incoming leve! 
was found to be about 1 5  mesh widths for all the supercritical screens. This distance 
becomes longer if the incoming turbulence leve! and macroscale are reduced, which 
is the case in screen combinations. 

Figure 5 (a ) shows the downstream variation of the streamwise turbulence for all 
the screens used . All but the subcritical screen (no. 7) initially have a higher intensity 
than that given by the grid alone, although in this figure only data lower than the 
grid turbulence at x = 0 are included to facilitate the comparison between the 
different curves. The initial decay occurs on a lengthscale determined by the mcsh 
width, which can be seen from the collapse of the different curves when x is 
normalized by M (figure 5 b ) .  The mesh width seems to be a relevant lengthscale, at 
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FIGURE 5. u,msf U for one subcritical and six supercritical screens (numbers refer to table 1 ) ,  (a) as 
function of x in cm and (b) as function of x/M. 

least for x � 50M. For !arge x-values the rate of decay for all the screens is smaller 
than that for the grid (see figure 5a ) .  

Measurements of  the autocorrelation Ruu('Y/ )  where 1J i s  the spatial separation , 
computed from the temporal separation by use of Taylor's hypothesis substantiate, 
in an illustrative way, the predominance of small scales just downstream of a 
supercritical screen (figure 6a) . This is manifested by the fact that both the Taylor 
microscale, ,\ , and the macroscale, A, at x = 2 cm are much smaller (for screen no. 6 

in this case) than for the grid alone. The microscale here is two mesh widths, and the 
macroscale is about five times larger. The ratio between the two scales is about the 
same for the grid alone, hut here the macroscale is roughly equal to the mesh size of 
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the grid.  The macroscale was determined from autocorrelations, whereas the 
microscale was computed from r.m .s. -values of u and its time derivative as 

,{ = - 1 2 U Urms 
v (au) · 

ot rms 

(3 .2 )  

For the subcritical screen no.  7 these scales are almost as large as for the grid alone 
(at x = 2 cm) .  Although no vortex shedding occurs for the subcritical screen, ftuid 
elements become highly stretched <luring the passage of the screen. The distorted 
turbulence exiting the screen will undergo a period of relaxation and energy transfer 
from the lateral components to the streamwise one . This could be seen from the 
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downstream development of the anisotropy measure vrms/urms (see figure 7 ) .  The 
decreasing trend of vrmslurms signifies an energy flux from the lateral components to 
the u-component, provided that the dissipation rate is about equal for all three 
components. One can readily find from the Reynolds-stress transport equations that, 
if diffusion is negligible and the dissipation tensor is isotropic ,  the intercomponent 
energy transfer to u;rns from the lateral components is proportional to the streamwise 
derivative of u;ms - v;m s ·  

For the subcritical screen the strong energy flux from the lateral components to 
the streamwise component also leads to the effect that the average size of the most 
energetic ( large-scale ) turbulent eddies tends to decrease with increasing x-values for 
small streamwise distances. This is in contrast with isotropic decaying turbulence, 
and may be illustrated by the fact that the macroscale decreases by about 50 % from 
x = 2 cm to x = 7 cm downstream of the subcritical screen, whereafter it increases 
monotonically and slowly . 

Downstream of the initial rapid decay period, one may note that the energetic 
eddies are of considerably smaller scale for both sub- and super-critical screens as 
compared to those of the grid alone. This can be illustrated by the autocorrelations 
at x = 42 cm (see figure 6 b ) .  

The lack of turbulence generation at the subcritical screen ensures a slow 
monotonic downstream development of the Taylor microscale (figure 8) .  Cor
respondingly, the fact that the turbulence behind the supercritical screen is 
dominated by the small scales is evidenced by a quite small microscale close to the 
screen, whereas the rapid decay of this part of the turbulence exhibits itself in a rapid 
increase of the Taylor microscale. The variation of the measured microscale 
downstream of the grid shows a fair agreement with that estimated theoretically 
under the assumption of isotropy. 

In order to quantify the scales of the turbulence generated by supercritical screens 
power spectra were computed for various positions behind the different screens, as 
well as for the grid alone. The spectrum for a supercritical screen (no. 6) from the end 
of the initial decay region (x = 2 cm or 27M) clearly yields the dominance of the 
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generated small-scale turbulence, and a strong suppression of the !arge scales (figure 
9 ) .  In absolute terms the energy is reduced by a factor of three for wavenumbers 
corresponding to the incoming macroscale, whereas above 0.8 mm-1 the energy is 
increased by a maximum one order of magnitude. A sharp peak is seen at 
wavenumbers around 1 . 7  mm-1,  or equivalently, at wavelengths of about 5 mesh 
widths or 20 wire diameters. However, neither of these numbers was found to be 
universal, i . e .  the same for different screens. Instead, the appropriate scaling involves 
both quantities mentioned. The width of this power spectral peak was found to 
increase with increasing wire-diameter Reynolds number, as should be expected. The 
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position of the high wavenumber peak was found to be independent of the incoming 
turbulence. This could be concluded from spectral measurements behind two screens 
in which case the incoming turbulence to the downstream screen is significantly 
different in scale from that to a single screen. For comparison the spectrum at x = 
2 cm for the subcritical screen is also included in figure 9, and shows only a moderate 
change in the wavenumber energy distribution as compared with the grid alone. This 
is in accordance with the micro- and macro-scale data (figure 6) .  

To study the development of the dominant high wavenumber peak, spectra were 
measured in the immediate vicinity of a fairly coarse screen through which the hot 
wire could be protruded. A comparison between a position one mesh width upstream 
and one in the plane of the screen showed that the maximum in the incoming power 
spectrum was shifted towards lower wavenumbers, roughly by a factor of 0.5, 
reflecting the stretching of fluid elements. At one mesh width downstream, the broad 
peak corresponding to the maximum at x = 0 could still be clearly seen, but now 
accompanied by a high wavenumber peak from the screen-generated turbulence. 
From x = 2M and throughout the initial decay region the spectrum is dominated by 
the screen-generated turbulence, although the peak is slowly moved towards lower 
wavenumbers due to the influence of dissipation . 

Both sub- and super-critical screens reduce the streamwise turbulence intensity 
more effectively than the lateral ones, in agreement with the analysis of Taylor & 
Batchelor ( 1 949) .  The ability to reduce the streamwise intensity increases, for a given 
solidity, with decreasing mesh size (see figure 5a) ,  hut the same trend is weaker for 
vrms , which results in a strong anisotropy downstream of fine mesh screens. For the 
subcritical screen vrmsfurms had a maximum value of about 2 . 1  (figure 7 ) ,  which 
implies, since the lateral components are of nearly equal intensity, that 90 % of the 
energy was contained in the lateral components. 

For both types of screens the return to isotropy was found to be very slow, and 
take place on a lengthscale that is substantially larger than that for the 
unmanipulated grid turbulence. The latter returned to approximate isotropy within 
20 mesh widths ( i .e .  50 cm) ,  whereas the flow behind the screens did not quite reach 
isotropy within the 2 m long test section. This may seem surprising, hut can be 
understood from the following reasoning. The turbulent kinetic energy, q, decays on 
a lengthscale which can be estimated as Lctecay = q/ ( - dq/dx) . From the Reynolds
stress transport equations (see e.g. Launder, Reece & Rodi 1 975) one can show that 
the return to isotropy occurs on a lengthscale L = qU /e, where e is the rate of 
dissipation. This return is caused by the pressure-strain correlation terms (see Rotta 
195 1 ) .  Under the assumption of Taylor's hypothesis the lengthscales L and Ldecay are 
identical. Ldecay was computed from the variation of the turbulent energy, and it was 
found to be typically a factor of five larger (in the region 0. 1--0.5 m) for the 
supercritical screen (no. 6)  than that for the grid. This together with the initial high 
degree of anisotropy behind the screens explains the !arge distance required for the 
return to isotropy. 

The larger Lctecay for the flow behind screens reflects a smaller rate of dissipation 
than for the grid alone. For isotropic turbulence e can be expressed as 

u2 
€ = 30v rms ,.\ 2 (3 .3)  

This relation indicates the qualitative dependence of e on turbulence intensity and 
microscale even for anisotropic cases. The smaller dissipation downstream of screens, 
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FIGURE 1 0 .  The development o f  u,m./ V downstream : --, one screen no. 4 with Red � 1 70 and 
---, a combination of two such screens with various separations, � ( in cm) .  

a s  compared with that for the grid, i s  coupled t o  a strong reduction in intensities 
while the microscale is only moderately affected (see figures 5a and 8 ) .  

3 . 1 .  Screen combinations 
When screens are used in combination their separation should at least correspond to 
the length of the initial decay region. Figure 1 0  shows the turbulence intensity 
downstream of a pair of supercritical screens (no. 4) for various separations between 
25 and 1 50 mesh widths. The former roughly corresponds to the length of the initial 
decay region (see figure 5 b) . The total reduction depends only slightly on the 
separation within this range. It may here be worth mentioning that Dryden & 
Schubauer ( 1 947 ) found no effect of varying the spacing (from 5 to 70 cm) between 
the screens in a wind-tunnel stagnation chamber when the measurements were 
carried out in the test section. 

One may, rather arbitrarily, construct a reduction factor as the ratio between the 
incoming intensity and that far, say 1 m, downstream of a screen. This would give 
a reduction factor of 2.9 for a single screen (no. 4), whereas a combination of two gives 
a total reduction factor of 4.8.  The downstream screen, which encounters a more 
' fine-grained ' turbulence with lower intensities, hence gives a smaller turbulence 
reduction. 

For a given allowable pressure drop the amount of turbulence reduction obtained 
depends strongly on mesh sizes, and on how different types of screens are combined, 
as is illustrated in figures 1 1  (a, b) for two-screen combinations. Firstly, it is seen that 
a comhination of two different supercritical screens, the coarsest being the upstream 
one, gives a substantially greater reduction than a subcritical screen alone (figure 
l l a) ,  although the K-values for the combination and the subcritical screen are 
approximately equal. Hence, although subcritical screens give high reduction 
factors, their penalty in terms of pressure drop makes them undesirable for practical 
purposes. For wind-tunnel applications they also have the disadvantage of being 
prone to clogging by small dust particles. 

A cascade combination (see figure 1 1  b) gives a slightly larger reduction, for 
moderate x-values, than if the coarser screen were to be replaced by one more of the 
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FIGURE 1 1 .  u,mJU downstream of two-screen combinations, all with 10 cm separation. (a) 
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single subcritical screen no. 7 .  K = 2.7 for both cases. (b)  Comparison between - - - , the no. 4 + no.  
6 and ---, a reversed cascade combination no.  6 + no.  4.  Included are also - - no. 4 + no. 4 and 
-- , no. 6 + no. 6 .  

finer type, although the latter combination has a 25 % higher K-value. A reversed 
cascade combination of the same screens gives higher turbulence intensities over a 
long region in the streamwise direction, which makes them unsuitable for use in 
wind-tunnels. However, far downstream the intensity leve! becomes, somewhat 
surprisingly, equal to that of the regular cascase combination . As should be expected, 
two coarse screens give less reduction than either type of cascade, for all x-values. 

The streamwise turbulence intensity was measured behind various two-screen 
cascade combinations with a fine-mesh supercritical screen (no. 6) as the downstream 
one. A constant separation of 10.5 cm was used, which corresponds to more than 20 



Turbulence reduction by screens 1 53 

mesh widths for all cases. This allows for the initial period of rapid decay to take place 
upstream of the second screen. The damping ,·aried fairly little between different 
combinations although Red of the upstream screen rnried between 65 and 330. This 
is interesting since it allows a given turbulence reduction to be achieved for quite 
different pressure drops. The typical lengthscales generated by each screen in a 
combination should be substantially smaller than the incoming macroscale, hut aside 
from this the damping ability of the combination is relatively insensitive to the 
specific lengthscale ratio and total pressure drop . 

Dryden & Schubauer ( 1 947)  gives an empirical formula for the turbulence damping 
by screen combinations. The damping is calculated as the product of factors 
( 1  + Ki)0 5 (i = 1 ,  N) ,  where Ki is the respect ive K-rnlue and N is the number of 
screens . This would imply an approximately 25 % lower turbulence intensity 
behind the no. 6 + no. 6 combination as compared to the no . 2 + no . 6 case, while 
measurements showed almost equal levels. The latter combination has a pressure 
drop coefficient which is only two thirds of that for the former. One should here 
remember that the dissipation obscures the generality of conclusions about reduction 
factors, and makes comparisons with formulae, such as the one just described, rather 
doubtful . 

Various three-screen combinations were tested and the lowest turbulence leve! at 
x = 1 m was 0.78 % (to be compared with the incoming leve! of 5.5 % ) ,  which was 
obtained for a typical cascade combination (no. 3 + no.  4 + no. 6 ) .  This was further 
complemented with one each of the two finder screens resulting in a total K-value of 
5 .8 ,  and a total intensity reduction factor of about 1 2  (defined as above) .  The formula 
given by Dryden & Schubauer ( 1 947) would giYe a value of 6.4 for this five-screen 
combination . 

4. Summary and conclusions 
Turbulence generated by a (biplane square rod ) grid was found to undergo a 

transition to approximate isotropy from the initially strongly anisotropic state 
within a region roughly 20 mesh widths long. The persistent anisotropic character far 
downstream of the grid as found by some earlier investigators, can partly be 
explained by inftuence of tangential cooling of the hot wires used. This part of the 
heat loss from the wires acts to reduce the apparent intensity of the lateral 
component (see (2 . 3 ) ) .  In the approximately isotropic region (x' > 20M) the kinetic 
energy, and u�rns '  were found to obey a ' linear decay law ' ,  i .e .  with an exponent of 
1 .0 .  This exponent increased if parts oL or the whole, anisotropic region were 
included . This explains the discrepancies reported in the literature regarding the 
decay law exponent. 

The pressure drop coefficient for screens was found to conform well to the general 
form (equation (2 . 1 ) ) given by Pinker & Herbert ( 1 967)  where the dependence on 
solidity is given and the wire diameter Reynolds number enters in a multiplicative 
functionf. The asymptotic value ofj for high Reynolds numbers, Red > 300, was here 
found to be approximately 0.45, which is somewhat lower than that found by Pinker 
& Herbert. 

The turbulence damping ability of a screen increases with decreasing mesh size for 
a given solidity . Subcritical screens thus give a !arge turbulence reduction, hut their 
' penalty ' in terms of a high pressure drop makes them inferior for practical use as 
compared with cascade combinations of supercritical screens. Also , at the velocities 
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typically uscd in thc stagnation eharnb<�r in thc rn iddh� to uppcr vcl()( : ity rangc in a 
low-spccd tunnel ( � 5 rn/s) vcry small wire-d iameters arc rwcdcd for sen�cns to be 
subcritical (0.040 mm was uscd in the present casc ) ,  which makes thcm susecpti blc 
to dirt contamination (and cxpcnsivc) .  

The ftow in thc region immcdiately downstream of a supereritical scrcen has a 
distinctly different character from that far downstream. Both regions werc found to 
exhibit several interesting features that differ from those of the unmanipulatcd ftow . 
In the immediate vicinity of the screen the turbulcncc intensities are substantially 
higher than on the upstrcam side. The energy spectrum is dominated by thc screen
generated turbulence, and the dominating wavelengths are a few mesh widths 
independent of the scale of the incoming turbulence . Within the first 15-25 mesh 
widths, ' the initial decay region ' ,  the intensities decrease rapid ly, and for a single 
screen fall below the incoming levels. The dominating spectral peak was found to 
persist throughout this region , but is slowly shifted towards lower wavenumbers due 
to the inftuence of dissipation . The increase in energy for small scales is contrasted 
by a strong suppression of the low wavenumber regime. Within the initial decay 
region the turbulence was found to be strongly anisotropic for both sub- and super
critical screens, causing an energy transfer from the lateral to the streamwise 
component. This was most clearly seen for subcritical screens, for which the 
maximum anisotropy corresponded to a situation with 90 % of the energy in the 
lateral components. Both types of screens exhibit a much slower return to isotropy 
than the grid .  This was shown to be consistent with a larger lengthscale of decay 
beyond the initial decay region . Hence, the anisotropic character behind screens 
persists into the ' far-field region ' ,  which also is characterized by a smaller rate of 
decay than for the grid alone. 

When screens are used in combination their separation should be chosen larger 
than the length of the initial decay region . As long as this criterion is satisfied the 
separation only slightly affects the damping. For a given total pressure drop the 
maximum turbulence reduction was found for cascade type of screen combinations 
where the last screen (in the streamwise direction) was chosen with a low, albeit 
supercritical , Reynolds number. This ensures small scales produced by the last screen 
and thereby a short initial decay region . To minimize the pressure drop the other 
screens should be chosen with increasing mesh size in the upstream direction. The 
pressure drop decreases with increasing Reynolds number (for a given solidity) for 
Red < 300, but levels off above this value, which hence may serve as a guide for 
choosing the coarsest screen. 

A combination of a relatively coarse screen followed by a finer one gave at least as 
effective a turbulence reduction as a pair of the finer type of screen, although the 
latter had a considerably higher pressure drop coefficient. This invalidates any 
quantitative description of damping solely based on screen properties such as the 
pressure drop coefficient. Experiments with two-screen combinations also showed 
that the damping ability depends only slightly on the typical lengthscale (e.g. the 
macroscale) of the incoming turbulence, at least as long as this scale was substantially 
larger than the mesh size. 

As an i l lustration of the reduction achievable with cascade screen combinations 
realistic for application in low-speed wind tunnels, it  may be mentioned that a set of 
five screens, with Red from 1 70 clown to 65, was found to give a total reduction, 
1 m downstream of the last screen ,  of a factor 12 compared with the incoming 
intensity. 
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de simmar alla efter var sin art. 
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att vattnet rinner nedför tycks oss klart. 

Det är oss lätt att se de yttre tingen, 

men deras inre orsak känner ingen. 

Hsiao Yen (kejsare Liang Wu-ti) 
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Measurement and Modeling of Anisotropic Turbulent Flows 
J. Groth, M. Hal/bäck, and A. V. Johansson 
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S-10044 Stockholm, Sweden 

Turbulence subjected to the mean strain field of a contraction, and the relaxation from the highly 

anisotropic states downstream contractions was studied. The pressure-strain correlations, which are 

responsible for the intercomponent energy transfer were estimated from other turbulence statistics. High 

accuracy in the determination of these was ensured by use of an angle calibration technique for the hot

wires. The degree of anisotropy of the dissipation rate tensor was found to be an important factor when 

comparing the data with various standard models for the pressure-strain terms. 

1. INTRODUCTION 

The development of supercomputers enabling direct solution of the full Navier-Stokes equations has 

not, as yet, removed the need for simple but accurate turbulence models for engineering applications. 

Simple mixing length models and various types of eddy-viscosity models, such as the k-E-model have all 

been used with considerable success under a number of years. None of these models, however, is 

capable of taking intercomponent energy transfer properly into account, which is of great importance in 

e.g. the near-wall region of turbulent shear flows and in flows subjected to strain. Models based on the 

Reynolds stress transport (RST) equations include terms describing this energy transfer, which results 

from pressure-strain correlations, and have, thereby, a necessary ingredient for describing mechanisms 

for creation of and relaxation from anisotropy. The pressure-strain correlations are, in practice, 

impossible to measure directly, but can, in some simple flows, be estimated indirectly from distributions 

of other turbulence statistics. In this process the small scales, and hence the dissipation rate tensor, are 

normally assumed to be isotropic. However, this is far from true in e.g. strongly strained flows, and can 

lead to erroneous conclusions regarding various modelling aspects. 

Turbulence subjected to the strain field of axisymmetric wind-tunnel contractions was studied by 

Uberoi ( 1956). He measured the streamwise and lateral velocity components, and made comparisons 

with rapid distortion theory (RDT) for the distributions of the intensities and the evolution of power 

spectra. In the numerical study of homogeneous turbulence by Lee & Reynolds ( 1985) comparisons with 

RDT as well as RST-models were made for low Reynolds number flows subjected to various rates of 

strain. They also investigated some aspects of the relaxation from highly anisotropic states, such as that 

downstream of a contraction. Also Uberoi (1957) and Le Penven, Gence & Comte-Bellot (1 985) have 

studied relaxation towards isotropy downstream contractions. For the flow in the contraction, the 

intercomponent energy transfer is dominated by the effects of interaction between the mean strain field 

and the turbulence, i.e. the so called rapid pressure-strain term. Hence, results from this type of flow 

enables interesting comparisons with those of Launder, Reece & Rodi (1975) who instead used a 

homogeneous shear flow to calibrate the rapid pressure-strain mode! constant occurring in the RST 

equations. 
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In the present study grid turbulence subjected to the mean strain field of an axisymmetric contraction 
and the retum towards isotropy downstream grids and contractions were used to investigate modelling 
aspects of intercomponent energy transfer and related processes. The ratio between the time-scales of the 
turbulent distortion and the mean flow strain have been varied within one order of magnitude. The use of 
an elaborate calibration procedure and the benefits of digital sampling and data processing have enabled 
us to collect accurate experimental data, including higher order correlations and spectra. 

2. THEORETICAL BACKGROUND 

The following scaled variables will be used in the RST-equations (subscript 0 indicates the values at a 
streamwise position x1 * = xo*): 

U =
U */Uo - 1 

C R  - 1 

where Lo is the contraction length, k the turbulent kinetic energy and CR is the ratio between the mean 

velocity at the end and the beginning of the contraction. With these, the nondimensional RST-equations 
along the symmetry axis can be written 

dU:U: (!) (2) ko112 ( l +(CR- l )U) �= (CR- 1 )  Pij -Cctiss Ejj + Cctissflij + (CR- l )flij + liQdij ( ! )  

where pij i s  the production of  the Reynolds stress component UjUj, Ejj is the dissipation rate term, nP) 
is the "slow" pressure-strain term depending only on derivatives of the fluctuating velocities, rri}2) the 

"rapid" pressure-strain term which is due to the interaction between the mean strain and the turbulent 
fluctuations, and dij is the diffusion due to pressure and turbulent and viscous stresses. The diffusion 

kol/2 term can be neglected if the turbulence levels are low. In the present work UQ was always less than 

0.10 at the contraction inlets and the measurable parts of the diffusion term were found to be at least one 
order of magnitude still lower. Thus, diffusion could be neglected. The solutions of ( 1 )  depend only on 

the two parameters Cctiss = � and CR and on the dimensionless function U(�) describing the 

influence of the contraction geometry. In the present study Cctiss was in the range 0.9 - 4.3. Eq. ( 1 )  is 

also valid for the relaxation of anisotropic turbulence in a straight duct, for which case CR is set to unity. 

For the contraction case the mean strain rate parameter 10 = {3 C
C
R . - 1 can be interpreted as the ratio 
diss 

between the time scales of the energetic eddies and of the distortion of the turbulence by the mean flow 
field. 

3. EXPERIMENf AL APPARATUS AND PROCEDURE 

The flow facility used was an open-circuit blowing type wind tunnel to which different test sections 

(inlet areas 0.45 x 0.45 m2) could be attached. Turbulence was generated by means of square-rod grids 

with a solidity of 0.4 and mesh widths of 18, 26.5 and 45 mm. Upstream the grids the mean velocity 

was about 4 m/s and the turbulence levels were less than 0.35 %. The two contractions had area ratios of 

4:1 and 8:1 ,  respectively, and the straight ducts had slightly diverging walls to ensure a constant mean 

velocity. 
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The velocities were measured with hot-wire single and X-probes made of 2.5 µm platinum wire. To 
eliminate the need for correction factors due to effects of tangential cooling and probe geometry the hot
wires were calibrated directly against velocity and angle. For the contraction measurements 14 calibration 
velocities, and for each velocity, 9 angles were used. Several authors have used a look-up table to relate 
voltages to velocities (see e.g. Lueptow, Breuer & Haritonidis 1988). In the present work two fifth order 
polynomials were instead fitted to the calibration data. The maximum relative errors with respect to the 
magnitude of the velocity were less than 0.9 % in u and 0.4 % in v. Variations of the air temperature 
were measured and compensated for. The measurement data was also corrected for low-frequency noise 
which was measured to 0.2 % in the streamwise direction. 

4. RESULTS 

With a grid positioned 10 mesh widths upstream of the contraction the turbulence has only a small 
degree of anisotropy (figure 1 ) as it encounters the strain field of the contraction. In the contraction (0 < 
xJl-o < 1 ) the energy transfer from the lateral components at high wave numbers causes � to decrease. 
In the following straight duct (x/1-o > 1 ), where the turbulence is initially strongly anisotropic, uJns and 
� are seen to remain almost eons tant. This implies that the dissipation rate for the u-component here is 
balanced by the intercomponent energy transfer and that this mainly occurs at high wave numbers (small 
scales). The anisotropy measures a 1 1 ,  a22 and a33 for the same case are shown in figure 2. In the straight 
section the 

! �������������������� contraction 
strong anisotropy 

1 .0 I 
a 1 1  = 0.07 

o� 

a 1 1  = -0. 1 6  

..... / 
o.o x / Lo  

- 1  0 3 5 6 

Figure 1 Typical example of the downstream development of the Taylor micro time scale (�) and uJn5 in 
a contraction followed by a straight duct. (Cctiss = 1 .2, 4: 1 contraction.) 

ratio between the tirne scales for the return to isotropy, 'tR = - Ila I (dliafdt) (where Il3 = aik aki, aij =1? 
- ioij), and the decay of the kinetic energy, 'to = - k I (dkldt), was found to be 0.42 (with �0 = 3 . 3  for 

the contraction), which is identical to the value found by Le Penven, Gence and Comte-Bellot ( 1985) 
downstream of a CR=3 contraction (�owas estirnated to approximately 3.5 for their case). For �0 = 1 .2 
the ratio was 0.58. At the beginning of the straight duct Ila was equal to 0.26 resp 0.25. 

Assuming an isotropic dissipation rate tensor and negligible diffusion the different terms in the RST
equations can be detennined from experimental data (figure 3). In the streamwise direction the 
dissipation is seen to be nearly constant in the contraction as well as downstream of it. In the contraction 
the pressure-strain and production terms are of similar magnitude but of opposite signs, whereas in the 
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straight duct the pressure-strain balances the dissipation. In the lateral direction the pressure-strain is less 
than one third of the production in the contraction, and in the straight duct about half of the dissipation. 

The fäet that the scaled equations are govemed only by CR and Cdis.s can be seen from the collapse of 
the data in the figure 4 where the turbulence from two different grids (ReA "" 2 10  resp 36) with nearly the 
same Cdiss-value pass through an 8 : 1  contraction. The scaled turbulent kinetic energy at a given U*/Uo 

decreases with increasing local Cctiss ( = ��o ). 
From the decay of the turbulent kinetic energy downstream the four grids the optimal CE2 (the 

dissipation parameter in the e-equation) was detennined to 1 .88 as compared to the standard value 1 .92. 
Downstream contractions, however, �2 was found to be 1 . 8 1  resp 1 .52. 

From the downstream development of the anisotropy measures af ter a 4: I contraction a Rotta eons tant 
c1 (Ili/1) = -c1 E aij) of 1 .9 resp 2.3 (CE2 equal to 1 . 8 1 and 1 .52 respectively) gave the best fit to the 
experimental data. The difference between these values and the standard value of 1 .5 can most probably 
be explained by an erroneous assumption about the degree of anisotropy of the dissipation rate tensor in 

these highly anisotropic flows. One can show that assuming that Eij =i? E instead of Eij = � E is equal 
to subtracting 1 from the estimated Rotta constant, giving 0.9 and 1 .3 in the present cases. More 
sophisticated descriptions of Ejj are needed to irnprove the generality of RST turbulence medels. 

Comparisons with a standard mode! of the "rapid" pressure-strain (figure 5), i.e. 

n .. (2) = _ 
(c2+ 8 )  (P .. _ 

2 p Ö .. ) _ 
(30ci-2)  k (� �) - (8ci-2) (D . .  _ 

2 p Ö . .  ) IJ 1 1  IJ 3 IJ 55 dx; + dx; . 1 1  IJ 'I" IJ J I .) 
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3,0 
Fi�ure 4 uks• Vr�s and k for two different cases 
in a contraction (ReA = 210  resp 36). Cdiss = 1 .2 
and 1 . 1  respectively. CR=6.8 in both cases 

o,o+-----�----�----�-----1 x / Lo  
0,00 0,25 0,50 0, 7 S  1 ,00 

0,00 

-0,35 -----1 CJ = 1 .5 "( = 0.6 
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�--....1 C J = 2.3 Cz = I . I  

-----l circ 
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� Comparisons between experimental data for a1 1 ,  a21 and a33 and results from RST medels.Best 
fit is for c1 =2.3 and cz = 1 . 1 .  Included are also c1 = 1 .5 with c2 = 0.4 and y = 0.6 and the result of the 
circulation argument. (8: 1 contraction, Cdiss = 1 .2) 

h P (- � _ a u i ) d o  (_ a uk _ auk ) r h' h w ere ij = - uiuk dxk + uju k dxk an ij = - uiuk 'dXj + ujuk dXj gave a c2 o 1 . 1  w 1c 

differs significantly from the standard value 0.4 (see e.g. Launder, Reece & Redi 1975). It may here 
also be mentioned that Lee & Reynolds (1985) derive a value of 10n for ez in the rapid distortion limit. 
With increasing values of c2 the influence of Tiij(2) decreases. Included are also the simplified medel 

Tiij(2) = - y (Pij - � P oij) and the result of the classical circulation argument. With the standard values of 

c1 and cz the effect of pressure-strain is overpredicted giving a 20% too high value of a 1 1 .  This also 
leads to an underprediction of the preduction of k. 

5. CONCLUDING REMARKS 

The importance of accurate medelling of the anisotropies of the Reynolds stress tensor is illustrated by 
the fäet that, in the case of flow along the symmetry ax.is of a contraction, the preduction of turbulent 
kinetic energy is proportional to the anisotropy measure -a 1 1 .  The difficulties in finding a conclusive set 
of values of the mode! constants for a wide class of flows can, at least partly, be related to the effects of a 
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nonisotropic dissipation rate tensor. The relation between this anisotropy and that of the Reynolds stress 
tensor depend on the ratio between the time scales of turbulent distortion and the inverse of the mean 
flow strain, which in the present case can be characterized by the value of �0 for the contraction. This is 
also i n  accordance with the numerical simulations of Lee & Reynolds ( 1 985). There i s a strong need for 
reliable data on the anisotropy of the dissipation rate tensor in order to alleviate some of the difficulties in 
improving the modelling of intercomponent energy transfer in anisotropic flows. 

Support from the Swedish State Board for Technical Development is gratefully acknowledged. 
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ABSTRACT 

Improvemcnt of the modeling of the intercomponent energy 

transfer (prcssure-strain) terms is of central importance for the 

development of Reynolds stress closures of turbulence. 

However, effects of anisotropic dissipation can in many flows 

play a role equivalent to that of the pressure-strain terms. Herc, 

axisymmctric homogeneous anisotropic turbulcnce was studicd 

in order to elucidate the effects of anisotropic dissipation in 

straincd and relaxing flows. The experimental rcsults show a 

non-isotropic structure of the dissipation rate terms, and 

indicate an anisotropic dissipation rate tensor. It was found 

through comparisons with dircct simulation data that the 

dissipation rate anisotropy could esscntially be accountcd for 

by a proposed model that relates the anisotropies of the small 

scales to those of the large scales. In the proposcd algebraic 

model the anisotropies of the dissipation rate tensor are, hencc, 

describcd in terms of the anisotropies of the Reynolds stress 

tensor. 

NOMENCLATURE 

UjUj 
I -le = 1  UjUj 

113 = aikaki• 

IIIa = aikalmllni etc 

Clu· Clu · Eij = 2v � �  
I E = 2Eii 

Reynolds stresscs 

turbulent kinctic cncrgy 

anisotropy measurc of the 

Reynolds stress tensor 

invariants of ll;j 

dissipation rate tensor 

dissipation rate 

INTRODUCTION 

anisotropy measure of the 

dissipation rate tensor 

turbulent Reynolds number 

Many flow situations exhibit a high degrec of anisotropy in 

the Reynolds stresses. This is the case in e.g. the near-wall 

region of turbulent boundary layers and in turbulence that is or 

has been subjectcd to rotation or to a mean strain field in a 

contraction or a shear flow. The anisotropy of the Reynolds 

stresses is dominatcd by the energy distribution on the large 

scales, and leads to an energy transfer between the velocity 

components. The small scale energy distribution has normally 

bccn assumcd to be essentially unaffectcd by that on large 

scales, and the dissipation tensor, hence, assumed to be 

isotropic. However, therc are several recent indications from 

dircct numerical simulations (scc e.g. Lee & Reynolds 1985 or 

Gerz, Schumann & Elgobashi 1989) that the small scale 

anisotropy may be significant, particularly in flows with large 

strain rates, and that the effects of anisotropic dissipation may 

often be comparable to thosc of the energy redistribution. Both 

thesc phenorncna is out of scopc of simple turbulence models, 
such as the k-E·model or other models based on the eddy

viscosity concept. Reynolds stress transpon (Rsn equations 

include terms describing the intercomponent energy transfer 

and the different dissipation rates, and hence have the 

neccssary prerequisites to address the problems associatcd with 

thc modeling of thesc typcs of phenomcna 

In order to improve the applicability of RST-models to a 

wide class of flow situations it is imponant, in the modeling 

effons, to distinguish between effects of the physically 
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different phenomena of anisotropic dissipation and 
intercomponent energy transfer. If, as in most RST-models 
used today, the dissipation rate is assumed to be isotropic, the 
effects of an anisotropic dissipation rate can be regarded as 
included in the modeling of the pressure-strain terms (see e.g. 
Lumley 1978). Explicit modeling of anisotropic dissipation has 
been tried in very simple forms, in which the anisotropy of E;j 
is assumed to be equal to or proponional to the corresponding 
anisotropy of the Reynolds stress tensor (Han jalic' & La under 
1976). 

When studying data from numerical simulations in which 
the dissipation rate exhibits a significant degree of anisotropy 
one should keep in mind that the Reynolds numbers are quite 
small (ReA � 50) in the simulations. It has been argued that in 
realistic flow situations, where ReA will be much larger, the 
fine scales would essentially remain isotropic and not be 
affected by the anisotropy of the large energy containing 
eddies. However, in the present experiments wherc grid 
generated turbulence (ReA � 1000) was subjected to the mean 
strain field of a contraction and then allowed to relax towards 
isotropy in a straight duct, it was found that thc non-isotropic 
structure of the small scales was significant and that it persistcd 
far downstream in the relaxation part. This is an indication of 
the need for cxtending RST-models to accurately take the 
dissipation rate anisotropy into account. 

EXPERIMENTAL APPARATUS AND PROCEDURE 

The flow facility used in the present experiments was an 
open-circuit blowing type tunnel to which a variety of test 
sections (inlet areas 45 x 45 cm2) could be attached. The 
axisymmetric contractions had a length (lo) of 45 cm and area 
ratios of 4: 1 and 8 : 1 ,  respectively. The straight ducts used to 
study the relaxation from anisotropy downstream of the 
contractions had slightly diverging walls to ensure a constant 
free stream velocity, and hence zero turbulence production. In 
order to generate a flow situation with axisymmetric 
turbulence, i.e. with equal cross-stream intensities, it is 
essential to use a mono-plane grid. In this case, a high 
precision grid made of square rod brass bars was used. It had a 
solidity of 0.4 and a mesh width of 26.5 mm. By placing the 
grid 20 mesh widths upstream of the test section inlet an 
axisymmetric nearly isotropic initial turbulence was ensured. 
The mean velocity at the grid was about 4 m/s and the 
turbulence level was less than 0.3 % upstream and about 6 % at 

a position 10 mesh widths downstream of the grid. 
The measurements were carried out with hot-wire X-probes 

and dissipation-probes consisting of two parallel single hot
wires separated in the cross-stream (y-) direction (the wire 
diameters were 2.5 µm and the distances between the prongs 
0.5 mm or approximately two Kolmogorov lengths for both 
probe types). The X-probes were calibrated against velocity 
and angle to eliminate the need for correction factors due to 
tangential cooling and probe geometry (Groth, Hallbäck & 

Johansson 1989). 

The dissipation rate component E 1 1  (index I refers to the 
streamwise or x-direction) can be rewritten in terms of the 
longitudinal and transverse rnicroscalcs. Assurning isotropy in 
the lateral plane and the Taylor hypothcsis we get 

(Tu:z � rli!2) -2 { 1 2 } E1 1 = 2v (..,-) + (...-) + (�t = 4v u  --+ -ax ay az u2 :i..12 :i..y2 

where the Taylor microscales are defined as 

In order to correctly compute these scales, and the 
associated velocity derivatives, it is imponant to choose 
appropriate lime between samples (i'it) and spatial separation 
(i'iy) between the two wires in the E 1 1-probes. If i'it is too shon 
effects of electrical noise and insufficient resolution in the AD
convener will give a too low value of the rnicroscale (figure 1). 

and if i'it is too !arge the fine scales will not be resolved 
yielding a too !arge value. However, in an intermediate region 
(0.1 < i'it I A1 < 0.35) the measured time scale, Atm• computed 
as 

Aim2 = 2 u2 / (u(t+i'it/2) - u ( t - i'it/2))2 
i'it 

closely adheres to the following relation 

(�) 2 - <"'') 2 
).. - I + 13 ).. 

I I 

which makes it possible to accurately obtain the wanted 
microscale, A.i. from extrapolation of measurements using two 
different separations within this region. For determination of 
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At 
� The square of the mcasured microscale Ai.,. 

normalized by Ai as a function of öt / Ai· 

A.y, öt is replaced by the spatial separation öy between the 

wires. Here ö y  was chosen as 0.42 and 0.88 mm, 

respectively. Typical Ay -values in the present experiments 

were 2 - 4 mm. The values of öy are the effective spatial 

separations (Böttcher & Eckelmann 1985) and were obtained 

from measurements with the probes in the well-defined mean 

velocity gradient field of a Poiseuille flow. These values do not 

depart more than 4 % from the values obtained by 

measurements of the probe geometry using a microscope. 

According to Wyngaard ( 1969) the sensor separation should 
satisfy 1 < öy /TJ S 3.33, where TJ is the Kolmogorov length, 

during gradient measurements. In the present experiment TJ = 

0.3 mm giving öy /ri = 1 .4 and 2.9 respectively. 

EXPERIMENTAL RESULTS 

Measurements of the Taylor microscales f..x (= U Ai> and A.y 
show that upstream of the contraction (xlLQ < 0) the ratio Axf>..y 
is approximately {2 as expected in isotropic turbulence (figure 
2). Indeed, X-wire measurements showed that a 1 1  � 0.09 at 

the entrance of the contraction. In the contraction (0 S x1LQ S 1 )  

the turbulent eddies become highly elongated i n  the streamwise 

direction due to the mean strain field. This is reflected by an 
increase in A.x and a decrease in f..y. The microscale ratio here 

deviates away from the {2 value, showing a trend towards an 
anisotropic state. Downstream of the contraction (xlLQ > 1 )  the 
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� The microscales f..x and A.y vs x1LQ on the centerline 
of the contraction (area ratio = 4) and the straight 
duct. The x origin is at the contraction inlet and Lo 
is the contraction length. ReA � 1000 in the 
experiment. 

Reynolds stress tensor is highly anisotropic with only about 10 

% of the energy in the streamwise component. 1...11..Y' or 

equivalently the ratio between the corresponding rms-values of 
the velocity derivatives, differs significantly from its isotropic 

value indicating a highly non-isotropic structure of the small 

scales throughout the investigated relaxation region. 

The advective length scale, or equivalently, the length scale 
for the development of the flow is UokofE0, which in the 

present experiment was about equal to the length of the straight 

(relaxation) section. Hence, this section is long enough to 

allow observation of 0(1) changes in the mean statistics. 

It can be shown from scaling the RST-equations for an 

axisymmetrically strained flow (Groth et al. 1989) that the 

various diffusion (or transport) terms are negligible here, and 

of the order kl/2/U when normalized with the magnitude of the 

advective term. In the present work this ratio was always less 

than 0. I and the measurable parts of the diffusion term were 

found to be still one order of magnitude lower. Thus, diffusion 
could safely be neglected. Since the dissipation rate E 1 1  was 

measured directly and P 1 1  can be obtained from measurements 

of the mean velocity field and the Reynolds stresses it was 
possible to calculate the pressure-strain term Il 1 1  from the 

transport equation for ;;2 without funher assumptions. Figure 3 

shows all terms contributing 10 the development of the 
streamwise Reynolds stress. The ratio P 1 1/E 1 1 ,  which is a 

measure of the rapidity of the imposed strain, was around 5 in 
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The terms of the transport equation for u2 on the 
centerline of the contraction and the straight duct. 
(area ratio = 4, ReA = 1000) 

the central part of the contraction. From this set of data it is in 
principal possible to separately compare each of the terms E1 1 
and nu with different models that have been proposed for 

these terms, e.g. regarding the degree of isotropy of the 
dissipation rate tensor and its dependence on ReA (Hanjalic' & 

Launder 1976) etc., and in the straight duct the Rotta (1951) 

model Iln = - C E all .  However, a quantitative evaluation of 

these models require knowledge about the total dissipation E, 
which is evaluated from the development of the kinetic energy. 

These types of evaluations are out of the scope of the present 

paper. It may be noted that for this purpose a very high degree 

of accuracy in the turbulence energy measurements is required. 
For instance, to determine the Rotta constant within 10 % the 

dissipation rate, and hence the streamwise derivative of k, 
should be determined with an error of less than 5 %. 

From figure 3 it can be scen that thc strcamwise dissipation 
rate component e11  is nearly constant in the relaxation region. 

On the other hand the total dissipation rate decays with the 
inverse of the downstream distance x raised to an exponent of 

the order of 2 (see e.g. Groth et al. 1989), leading to a decrease 

of E in thc straight duct with a factor of about three. This in 
tum implies that the magnitudc of the dissipation rate 
anisotropy measures e;j decreases correspondingly in this 

section. 

DISSIPATION MODEL DEVELOPMENT 

The observation that the dissipation rate tensor exhibits 

anisotropy even at large Reynolds numbers is an indication that 
the modeling of the effects of this phenomenon may be an 
essential part in the development of accurate Reynolds stress 
closures. A simple approach in this direction is that of trying to 
relate the small scale anisotropies to those of the large scales. A 
motivation for this is that in the limit of two-dimensional 
turbulence there exists a close relation between e;j and akl• viz. 
eE -> -2/3 as aE -> -2/3, which is a statement of the fäet that if 

there is no energy in a specific velocity component the 

corresponding dissipation rate component must also vanish. 

This limit is e.g. approached for the situation of turbulence 

subjected to a large total axisymmetric strain field, l\nd is also 

reached asymptotically in the immediate vicinity of a solid wall. 
An algebraic mode! for e;j in terms of the akl:s was proposed 

in Hallbllck, Groth & Johansson (1989). A general series 
expansion of e;j in the akl :s which satisfies the symmetry 

condition, e;j = eji• and the zero trace condition, eii = 0, can be 

written 

The so called Cayley-Hamilton theorem states that only the 

two first powers and the three first invariants of a tensor in 

three dimensional space are linearly independent. Here, the first 

invariant, the trace, is zero making it possible to express all 
terms of order three and higher in combinations of aij• a;kakj• 
Ila and Illa. Truncating the given series expansion at the third 

order term, and using the Cayley-Harnilton identity 

and the condition of the 2-D turbulence limit we obtain the 
following expression with only one free parameter (a) 

This is the proposed algebraic dissipation mode! relating the 

anisotropy of the dissipation rate tensor to that of the Reynolds 
stress tensor. The value of a may be taken as a function of 

Re A• a strain rate or total strain parameter etc., but not of aij or 

its invariants. 
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model predictions and results from direct 
simulations of four different axisymmetric flows 
(area ratio = 4 in the strained cases, ReA - 50). 
Note that there is only one independent anisotropy 
measure in axisymmetric cases. 

COMPARISONS WITH DIRECT SIMULATIONS 

The proposed dissipation model was compared to data 

obtained from numerical simulations (Lee & Reynolds 1985) of 
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homogeneous turbulence subjected to various irrotational 

strains. In figure 4 the model is compared with the data from 

four different axisymmetric flow situations: a contraction, an 

expansion and relaxation downstream of these. The ratio 

P 1 1/E 1 1  was approximately unity. Good agreement between the 

data and the model was achieved for a value of the coefficient a 
of 1 .0. This value is also the maximum value of a. that ensures 

e 1 1  to be a monotonic function of a11 .  Particularly noteworthy 

is the fäet that the data follow the same path in the contraction 

and relaxation phases, since these two cases represent 

qualitatively quite different flow situations.This substantiates 

the proposed idea of relating eij to the anisotropies of the stress 

tensor. 

A more difficult test case is represented by the non

axisymmetric turbulence in a plane strain (figures 5a,b). Also 

here the model predictions agree quite well with simulation data 

for all three dissipation rate components, using the same value 

of a (1 .0) as in the axisymmetric cases. The values obtained 

from a linear type model eij = f5 aij (Hanjalic' & Launder 1976) 

for f5 equal to zero and unity are also shown. It is interesting to 

note that the predicted values for E 1 1  are too low, 

independently of f5, i.e. no linear model can correctly predict 

E11 in this case. 
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� The dissipation rate components in a plane strain case, as function of the 
reference total strain (c). Comparison between the proposed model: - , 
simulation data: o (from Lee & Reynolds 1985), linear mode) eij = aif 4 
and isotropic mode) eij = 0: o . a) E 1 1  , b) E22· 
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CONCLUDING REMARKS 

Significant effects of anisotropy of the dissipation rate 

tensor were observed in relatively high Reynolds number 

homogeneous turbulent flows. Modeting of these may 

constitute an important step towards improved modeting of the 

energy transfer (pressure-strain) terms in Reynolds stress 

closures. It also adds to the generality of existing RST

schemes. 

By separately measuring the 1 , 1  component of the 

dissipation in axisymmetric turbulence all significant terms in 

the � -budget could be determined. 

A proposed algebraic mode! for Eij was shown; by 

comparison with direct numerical simulation data, to account 

for the essential effects of anisotropic dissipation in several 

different kinds of flows. 

Support from the Swedish State Board for Technical 

Development is gratefully acknowledged. 
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An algebraic model for nonisotropic turbulent dissipation rate 
in Reynolds stress closures 
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A method to account for effects of an anisotropic dissipation rate in second-order moment 
closures of turbulent flows is presented. The modeled transport equations for the Reynolds 
stresses and the scalar dissipation rate are supplemented by nonlinear algebraic relations, in 
which the anisotropies of the dissipation rate tensor are expressed in the anisotropies of the 
Reynolds stress tensor. Symmetry and other constraints reduce the number of undetermined 
coef!icients to one. It is shown that the mode! correctly describes the initial behavior of a 
suddenly distorted turbulence provided that the mode! parameter assumes a value of �· The 
mode! is compared with full numerical simulations of three basic types of strained 
homogeneous turbulence, and is shown to give good agreement with these data. The present 
approach of isolating the effects of anisotropic dissipation rate in second-order moment 
closures is a step toward improved modeling of the energy redistribution terms in the Reynolds 
stress transport equations, and could also be used for improved modeling of the scalar 
dissipation rate equation. 

I. INTRODUCTION 
Turbulent boundary layers, channel flows, and other 

wall-bounded flows exhibit a strongly nonisotropic energy 
distribution in the near-wall region. This is also true far away 
from walls when the flow is, or has been, subjected to mean 
strain or rotation. The nonisotropic character of such flows 
gives rise to dif!icult problems in the realm of turbulence 
modeling. The problem of how to account for the mecha
nisms leading to anisotropy and those responsible for the 
relaxation from anisotropic states is at present a central issue 
in the development of second-order moment closure models 
of turbulence. 

In the context of Reynolds stress transport equations, 

( I )  
where Pij denotes the production rate term, <ij the dissipa
tion rate term, nij the pressure-strain-rate term, and Dij the 
transport (diffusion) terms, only the production rate term is 
explicit in the Reynolds stresses whereas the other terms 
need to be modeled. In order to experimentally study the 
intercomponent energy transfer due to the pressure-strain
rate terms, and the related effects of an anisotropic dissipa
tion rate, it is essential to choose a flow situation with a high 
degree of anisotropy albeit without many ofthe complexities 
of, for example, wall-bounded turbulent shear flows. In ho
mogeneous flows such as flow through a contraction or an 
expansion, or turbulence relaxing from an initially aniso
tropic state ( e.g., downstream of a contraction or an expan
sion ) ,  near-wall effects are absent and diffusion terms are 
negligible. Hence they are well suited for this type of experi
ments. Today, a feasible alternative to experiments, at least 
at low turbulent Reynolds numbers, is the use of compari
sons with results of direct numerical flow simulations ( see, 
e.g., Lee and Reynolds1 ) .  Some recent detailed studies ofthe 

pressure-strain-rate terms, and the underlying intermittent 
flow structures contributing to the spatially averaged mean 
value, ha ve been made through the use of computer-genera
ted databases for a turbulent shear flow ( Brasseur and 
Lee2 ) .  For instance, it is shown that the correlation between 
the "rapid" and "slow" parts of the fluctuating pressure is 
very low due to a !arge difference in scales. This supports the 
idea of decomposition of the pressure-strain-rate term into 
two parts, as is commonly used in turbulence models. 

Recent hot-wire measurements of grid-generated turbu
lence that was subjected to the mean strain field of axisym
metric contractions and subsequently allowed to relax to
ward isotropy in a straight duct ( Hallbäck, Groth, and 
Johansson3 ) ,  were focused on the determination of the dissi
pation rate of the streamwise velocity component. Hereby, 
the corresponding pressure-strain-rate term could be deter
mined from the Reynolds stress transport equations. If the 
dissipation rate components are not measured separately 
( which can be experimentally complicated ) the pressure
strain-rate terms can still be estimated by the use of some 
assumption about the distribution of the scalar dissipation 
rate (<=�<;; ) among the individual components_ When the 
approximation of an isotropic dissipation rate is used, noni
sotropic dissipation rate effects are lumped together with 
those of the intercomponent energy transfer, which can lead 
to erroneous conclusions about modeling constants and the 
validity of different types of modeling approaches. This is 
evidenced in the literature from experimental determination 
of the Rotta constant4 in the "slow," or return, part ( n t )  of 
the pressure-strain-rate term ( see, e.g., Launder, Reece, and 
Rodi5 or Morris6) .  The experimental data of the strongly 
strained flows in Ref. 3 ( Reynolds number 
ReA =4k 2/VE:c::: 1000, where k is the turbulent kinetic ener
gy ) show that the small scale structure of the turbulence 
becomes nonisotropic in the contractions, and that this ani
sotropy persists far downstream in the relaxation section. It 
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was also shown that the anisotropy of the dissipation rate 
tensor was comparable in magnitude to that ofthe Reynolds 
stress tensor. This, in tum, shows that in experimental evalu
ations of turbulence models it is important to distinguish 
between the effects of anisotropic dissipation and intercom
ponent energy transfer. 

In most turbulence models used today, the dissipation 
rate tensor is taken to be isotropic, and only a single trans
port equation for the scalar dissipation rate is treated in 
Reynolds stress closures and eddy visocity models. This sim
ple mode! has sometimes been replaced by a linear relation 
( see, e.g., Hanjalic and Launder7) between the dissipation 
rate and the Reynolds stress anisotropies ( aij ) :  

Eij = t:( jöij + Eaij ) , 

where 

aij ;; ( U;Uj /k ) - jÖij . ( 2 )  
The coefficient E is taken t o  be a function of, for instance, the 
turbulent Reynolds number ReA and is supposed to tend to 
zero ( giving an isotropic dissipation rate) when ReA tends 
to infinity and to unity when ReA tends to zero. 

Another approach is to include the effects of anisotropic 
dissipation rate in the return pressure-strain-rate term, giv
ing a "return-to-isotropy" tensor Tij . A mode! based on this 
concept was proposed by Lumley and Newman," and was 
further investigated by Shih, Mansour, and Chen. 9 In the 
latter study, comparisons with data from direct numerical 
simulations of homogeneous shear flows and irrotationally 
strained flows were made, which indicated improved perfor
mance over earlier models. 

One motivation for constructing a composite mode! of 
the return part of the pressure-strain rate and of the aniso
tropic part of the dissipation rate is the difficulty in deter
mining the individual components of the dissipation rate 
tensor. However, as this is now experimentally feasible in 
some homogeneous turbulent flows, and certainly for low 
Reynolds number flows through full numerical simulation 
of the Navier-Stokes equations, separate modeling of the 
pressure-strain-rate and the dissipation rate terms ought to 
be a preferable approach since these two terms represent 
physically different phenomena ( e.g., as a wall is ap
proached n ij and €ij behave in quite different ways ) .  Here
by, there is a greater hope for improved generality of Reyn
olds stress closures. In the present study an algebraic mode! 
for the dissipation rate tensor is proposed, which couples the 
anisotropies of Eij to those of the Reynolds stress tensor. 
Some comparisons between the proposed relation and re
sults from direct numerical simulations are also presented. 

I l . AN ALGEBRAIC NONISOTROPIC DISSIPATION RATE 

MODEL 

The approach adopted here is that of treating the effects 
of anisotropic dissipation rate through algebraic relations 
and it bears some resemblance to the approach behind alge
braic Reynolds stress models. In the latter case the transport 
equations for k and E are supplemented by algebraic rela
tions for the individual components of the stress tensor, or 
equivalently, aij . In the present approach the modeled trans
port equations for the Reynolds stresses ( or equivalently, 
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those for k and aij ) and the scalar dissipation rate E are com
plemented by algebraic relations for the dissipation rate an
isotropies e,1 ,  

eij ;; (Eij/E) - jÖij , 
where 

E;j = 2v u,.,k. u1.k. . 

( 3 ) 

The latter relation is an exact definition of the dissipation 
rate components in homogeneous turbulence, but is approxi
mately true in other flows as well when ReA becomes !arge. 

From the transport equations for the Reynolds stress 
anisotropies, 

Da,, E n,, 
Dr = 9 ij (a.1, Um,n ) + k (aij - e,j )  + k ,  (4 )  

where 9 ij is the production of  a;j •  it is seen that ifthe history 
ofthe anisotropies aij were known n ij - t:e;1 could be deter
mined. Hence eij (and n;j ) can be written as functionals of k, 
aij, E, the mean velocity derivatives U,J and v ( included for 
generality, although not explicitly present in the equations ) .  
The definition of Eij makes it reasonable to assume that mean 
velocity gradients enter the functional relationship for e;j 
only as invariants of U,J . Expanding the functionals in time 
and assuming that changes in the system are sufficiently 
slow relative to the memory time of the turbulence, these 
functionals can be reduced to functions of the present state 
( Lumley and Newman" ) .  Thus the present aim is to find a 
mode! expressing eij as a tensorially correct function of a.,.  

From the definition of eij it is clear that the mode! 
expression must be symmetric in the indices i and} and ha ve 
a zero trace. The most general expression, given by invariant 
theory ( Lumley 10 ) ,  is 

eij =/C IIa.111" ,ReA ,s �.s r.nnaij 

+ g(Ila , I l la ,ReA .s � .s r.nn (a ,,a,1 - jll0 öij ) , 
( 5 )  

where 

I la = a,, a, , .  1 1 1,, = a " akla,, .  

S � = ,fiS;S;;k /E, S t = 'JS,jSi, S"-k /E, 
nr = J - 2!1,, n,, k /E, S,1 = ( U,J + U, , )/2 
n,j = c u,J - uj,, J/2; 

I la and Illa are the only independent invariants of aij. 
Here the aim is to develop an explicit mode! relating the 

anisotropies of the dissipation rate tensor to those of the 
Reynolds stresses. A natura! method of proceeding from Eq. 
( 5 )  would be to expand/ and g in power series of the invar
iants of aij,  keeping in mind that Ila and I lla  are of second 
and third order in the a,j amplitudes. A direct approach, 
which automatically yields the correct number of mode! pa
rameters, is to construct a general series expansion of e;j in 
"powers" of a,1• Such a general series expansion that satis
fies the symmetry condition eij = e10 and the zero trace con
dition e,; = 0, can be written 

e,j = C1Gij + C2 ( G;1.; Gkj - �Ila Öij ) 
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+ c4(a,kak1a1m am1 - jIV. 8,j ) 

+ c,(aikak,almamn an1 - JV. 8ij ) + · · ( 6 )  
where IV 0 = a1kak1a1m am1, V 0 = aikak1a1m amnan1, etc., are 
higher-order invariants of aij .  The coefficients c, can be func
tions of ReA ' S f , s r. and Of but not of the aij invariants 
since all dependence of a,j and its invariants are explicitly 
accounted for in ( 6 ) .  A similar procedure has also been used 
to lind a nonlinear model for the return part of the pressure
strain term. 1 1 

The so-called Cayley-Hamilton theorem [also used in 
the derivation of ( 5 ) ]  states that only the two first powers 
and the three lirs! invariants of a tensor in three-dimensional 
space are linearly independent ( Cayley 1 2 ) .  Here, the first 
invariant, the trace, is zero, which makes it possible to ex
press all terms of order three and higher in combinations of 
aij,aikakj • II. , and III • .  The use of the Cayley-Hamilton 
identity, 

a,kak,alj - jIII. 8ij = JII. aij, ( 7 )  
which, i f  repeatedly multiplied with the tensor a,j , yields 
relations for the fourth- and higher-order terms, gives 

e,j = {c1 + C3 j Ila + C4 j Illa + C5 a Il� + · · · }aij 

+ {c2 + c4 j Il. + c5 j III. + · · · } ( a,k akj - j II. 8ij ) .  
( 8 )  

This expression is seen to be of the same type as ( 5 )  but here 
the interrelations between higher-order terms in/and g are 
explicitly accounted for. A relation of the type ( 5 )  or ( 8 )  
may be regarded as an attempt of relating the small scale 
anisotropies ( coupled to eij ) lo the anisotropies residing in 
the large scales ( coupled to aij ) .  

I n  the limit ofhomogeneous two-component turbulence 
( in which the third velocity component has negligible ener
gy ) it follows from the definition of Eij that 

( 9 )  

where underscore signifies suppression of the summation 
rule. This condition stems from the fact that if a velocity 
component lacks energy, in homogeneous turbulence, then 
all its spatial derivatives must also vanish. As an example of a 
situation where ( 9 )  might occur, one may mention the case 
of a rapidly and strongly axisymmetrically strained ftow 
where the streamwise ftuctuating velocity component tends 
to zero. In fact the relation ( 9 )  is valid also for the wall 
normal velocity component in the inhomogeneous turbulent 
flow in the immediate vicinity of a wall. From ( 9 )  it is also 
evident that if the relative energy content is zero for two of 
the components, the third must be responsible for all the 
energy and all of the dissipation rate. 

Relation ( 9 )  can be seen as a form of "boundary" or 
limiting condition that must be fulfilled for any generally 
valid model for the anisotropy measures eij. The condition 
( 9) can also be viewed as a realizability condition for the 
dissipation rate term, which ensures that the energies remain 
positive. 

lf one terminates the series expansion ( 8 )  at the zeroth
order term, by setting ek to zero for k> I, one obtains the 
usual isotropic model ( eij = 0) ,  whereas termination at the 
first-order term gives the linear relation e ij = c 1 a ij [ i.e., Eq. 
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( 2 ) ] .  The zeroth-order expansion cannot satisfy the limiting 
condition, and if the Jinear relation is to satisfy the condition 
( 9 ) ,  c1 must equal unity. It is easily shown that truncation at 
the second-order term also returns the linear model. Hence, 
at least cubic terms are needed in order to satisfy the lim i ting 
condition ( 9 )  while still retaining adjustment possibilities of 
the remaining model parameters. 

Truncation of the series expansion at the third-order 
term, i.e., setting c. to zero for k>4, and application of the 
conditions of the two-component turbulence limit, which 
eliminates two of the coefficients, yield the following expres
sion with only one free parameter: 

e,j = [ I + a ( jll. - j) ] aij - a(a,kakj - jll. 8ij ) .  
( 10) 

This is the proposed algebraic dissipation model that relates 
the anisotropies of the dissipation rate tensor to those of the 
Reynolds stress tensor. The value of a may be taken as a 
function of the turbulent Reynolds number ( ReA ) and the 
strain-rate parameters S f, sr.  and Of. However, a may not 
depend on aij or its invariants. 

1 1 '- DETERMINATION OF A NUMERIC VALUE OF THE 

MODEL PARAMETER a 

The numeric value of a can be bounded by imposing 
various constraints on the behavior of the model. One basic 
constraint is that the degree of anisotropy of the dissipation 
rate should be less than or equal to !hat of the Reynolds 
stresses, which can be expressed as 

( I l )  
From Eq. ( I 0) it can be shown that this implies that a must 
lie in the range from zero to two. Another constraint is that 
of requiring e,, to be a monotonous function of a,, . This can 
be shown to g.ive a lower bound of zero and an upper bound 
of unity on a, hence 

O.;;a.;; I .  ( 1 2 )  

One possibility of determining a specific value of a i s  t o  im
pose the requirement that the mode! should correctly predict 
the dissipation rate anisotropy for small limes of initially 
isotropic turbulence subjected to a rapid strain. This is a 
physically relevant case, which can be regarded as a mode!, 
for instance, of turbulence entering a contraction or subject
ed to a plane strain. 

Under such circumstances viscous and nonlinear effects 
are negligible for small enough times, which implies that the 
initial response of the turbulence can be described by rapid 
distortion theory ( ROT ) ( see, e.g., Ref. 1 3 ) .  This method of 
determining the model coefficient is similar to that of 
La under, Reece, and Rodi5 who used the results of Crow 14 
for a small sudden distortion to fix a parameter in a mode! for 
the rapid pressure-strain term. 

The analysis for an arbitrary strain is given in the Ap
pendix. The ROT analysis yields that, for small total rapid 
strains, the diagonal components ofthe dissipation rate ani
sotropy tensor are exactly half of the corresponding Reyn
olds stress anisotropies, 
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e,, = Ja,, . ( 1 3 ) 

Note that this holds for a rapid irrotational strain as well as 
for a strong homogeneous shear. lf in the latter case the 
coordinate system is chosen so that U, = U(x, ) ,  only a 12  
and e , ,  will be  affected to  first order in  the ( small) total 
shear and 

( 14)  
Hence initially the dissipation rate tensor is  less anisotropic 
than the Reynolds stress tensor. For small distortions and 
thereby small anisotropies the mode) Eq. ( 10) can be linear
ized: 

eij = ( 1 - ja)aii. ( 1 5 )  
In order fo r  this relation t o  be compatible with ( 1 3 )  and 
( 14 ) ,  and hence for the model equation to correctly describe 
the initial behavior ofthe dissipation rate anisotropies in the 
case of suddenly distorted isotropic turbulence, we find that 

( 1 6) 

Since the expressions for the anisotropy measures are linear 
in the small total strains and total shears the results can be 
superimposed, and we may conclude that with a = � the 
mode) ( 10) will correctly predict the initial variation of the 
dissipation rate anisotropies for an arbitrary, not necessarily 
irrotational, rapid strain. 

It may here be noted that for an axisymmetrically rapid
ly strained contracting ftow one finds similar trends for the 
RDT results and the mode) prediction, not only for small 
total strains and anisotropies, but over the whole range from 
isotropy to the two-component limit ( this is not the case for 
)arge rapid expansions though ) .  

Figure I shows the relation between dissipation rate and 
Reynolds stress anisotropies predicted by the model ( 10) for 
axisymmetric turbulence. In this case there is only one inde
pendent anisotropy measure of the Reynolds stress tensor, 
here chosen as a 1 1 ,  and we have a22 = a33 = - Ja , , . Corre
spondingly, there is only one independent anisotropy mea
sure (e.g. , e, 1 ) ofthe dissipation rate tensor. In order to give 
a picture of the sensitivity for the value of the mode) param
eter, the prediction with a = I is also included in Fig. I. A 
lower value of a will give a curve closer to the straight line 
e, 1 = a, , , which is obtained by setting a = 0. 

e , , 

FIG. 1. Mode! ( 10) in an axisymmetric ftow. The thick curve has a = ), the 
thin curve a = I and the dashed line a = 0. Isotropic dissipation rate is 
given by e 1 1  :=O. 
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-0 .70 +----�----�---�-----1 
-0.70 -0.35 0.00 0 35 a , , 0.10 

FIG. 2. e, 1 vs a 1 1  for turbulence subjected to axisymmetric strain. Compari· 
son between model ( 10) with a = J (thickcurve) and numcrically simulat· 
ed results. Data from Ref. I: contraction (0) and expansion (0)  
[S� ( / = 0) ::::0.97 resp. 0.7 1 ,  Re, :::: SO ] ;  Ref. 14: con1rac1ion (Ll> [S�  

( t = 0) ::::0.5-2.0, Re, :::: I 5-100) .  lso1ropic dissipalion rale i s  given by 

e1 1 =0. 

IV. COMPARISONS WITH FULL NUMERICAL 

SIMULATIONS 

The proposed model for the anisotropy of the dissipa
tion rate has been compared with results from three different 
full numerical simulations ofhomogeneous turbulence ( Lee 
and Reynolds, 1 Rogallo, 1 5 Schumann and Patterson 1 6 ) .  The 
first comparison is made for two axisymmetrically strained 
ftows representing ftow in a contraction 1 • 1 5  and in an expan
sion. 1 The mean strain-rate parameter S ! was approximate
ly equal to unity in the cases in Ref. I and between 0.5 and 2 
in Ref. 1 5 .  The Reynolds numbers Re" were between 50 and 
100. The mode) ( 10) ,  with a = �. is seen in Fig. 2 to give 
accurate predictions for the relations between e, 1 and a 1 1 in 
both ftows over a wide range of total strains and anisotropies. 

Data for the relaxation phase "downstream" of axisym
metric strains are also available in Refs. I and 15,  whereas in 
Ref. 16 the results are based on relaxations of undeveloped 
randomly generated axisymmetric turbulence fields. _There 
is a fair agreement between the mode) and the various simu
lation cases ( Fig. 3 ) .  The data from Refs. 1 5  and 16 all show 
similar trends rather independent of the initial conditions 
such as Reynolds number and previous strain rate. 

The results in Figs. 2 and 3 substantiate the idea of ap
proximating eii in terms of an expression in the anisotropies 
of the stress tensor. It is also apparent from the results that 
the proposed, rather simplistic, algebraic modeling ap
proach has a potential for describing effects of anisotropic 
dissipation rate. However, in the axisymmetric cases there is 
only one independent anisotropy measure and an equally 
accurate prediction might be expected to result from a linear 
dissipation mode) in which E is allowed to vary in an appro
priate manner with the invariants of aii. In a case with more 
than one independent anisotropy measure one cannot a 
priori expect a linear dissipation mode!, with the same value 
of the coefficient E for all tensor components, to be suffi
cient. 

A more interesting test case may thus be that ofhomoge-
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e "  

FIG. 3 .  e 1 1  vs a 1 1  for axisymmetric turbulence relaxing toward isotropy. 
Comparison between model ( 10) with a = � (thick curve) and nurnerically 
simulated results. Data from Ref. I: (0) ( Re, ::::45) ;  Ref. 14: (0)  
( Re, :::: 50-70); Ref. 15 :  ( 6 )  (Re, :::: 85-840).  Symbols are linked together 
by straight Jines for each relaxation case. 

neous turbulence subjected to a plane strain. We here have 
two independent diagonal components ofthe aij tensor. Pre
dictions for the dissipation rate anisotropies e1 1 and e33 are 
compared in Fig. 4 with results from the simulation data 
from Ref. I in which a 1 1  :::::0, i.e., 033 ::::: - 022. A rather good 
agreement is again seen to be achieved with a mode! coeffi
cient value of i· Data from Ref. I S  with moderate strain rates 
csr ::::: I resp. 2 )  agree well with the data in Fig. 4 and thus 
also with the mode!. The simulation data indicate that for 
very high strain rates (S r > 4) the dissipation rate anisotro
pies depend more strongly on S r. If a is taken as a constant 
( as done here) ,  the accuracy of the mode! predictions would 
be reduced under such circumstances. Also included in Fig. 
4 are predictions for the mode! ( 10)  with a = 0 ( or equiv
alently eij = o,1 ) and for the isotropic dissipation mode) ( i.e., 
e;i = 0). One should note that in this case no linear mode! 

-0.35 

-0.70 +---------�----------! 
0.00 0.35 0.70 

FIG. 4. e1 1 (0) and e.u (0)  vs a22 for turbulence subjected to a plane strain. 
Comparison between mode! ( 10) with a = � (solid curves) and numerical
ly simulated results from Ref. 1 (S�  ( 1 = 0) :::: 1 ,  Re, :::: 50 ] .  Dashed 
curves, with small symbols, represent the corresponding Reynolds stress 
anisotropy (or a model e,1 = a,1 ) .  lsotropic dissipation rate is given by e1 1 = e33=:0. 
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FIG. 5. Comparisons between model ( 10) predictions with a = l (solid 
curves) and numerically simulated results from Ref. 14 for homogeneous 
turbulent shear flow (S� ( l = O) = n! ( l = O) :::: l . 7, Re, :::: 300-2500] .  

( a )  e 1 1 ,  (b )  e3-', and ( c )  e 1 2 versus total shear ( t aU ;ay).  Dashed curves 
represent the corresponding Reynolds stress anisotropy (or a model 

e,1 = a,1 ) .  

eij = Eoij, regardless ofhow E is prescribed to vary with the 
invariants, etc., is capable of predicting the dissipation rate 
anisotropies. This is obvious from the fäet that o 1 1  is nearly 
equal to zero while e1 1 increases with 022. However, in the 
proposed mode! all components ofthe tensor o., enter in the 
expressions for the components of eij through the nonlinear 
term a ( !II0 oij - o;kakJ + jll0 <'>ij ) . Hereby each eij is affect
ed by the complete anisotropic state of the flow. 

Another basic flow situation is that of turbulence sub
jected to homogeneous shear. This can be seen as a generic 
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case for turbulent flows such as boundary layer and channel 
tlow. In all these cases, which have a two-dimensional mean 
flow, there are three independent components of eij . In Fig. 5 
e 1 1 , e33, and e 1 2  are shown as functions of the total strain. 1 5  
The 3 ,3- component is  largely determined by the nonlinear 
term since a33 is nearly zero. For the other components the 
linear part ( e'.j""' = 0.5aij ) dominates since the Reynolds 
stress anisotropies are of moderate amplitude. 

The above comparisons with data from full numerical 
simulations of three homogeneous tlow situations ( axisym
metric tlow, plane strain, and shear) indicate that the mode), 
with a parameter value obtained from small rapid strain con
siderations, gives relatively good predictions even in cases 
with low and moderate strain rates. For )arge total strains at 
high strain rates the prediction capability of the mode) ap
pears to be weakened. However, a correct behavior of the 
mode) fora component ofvanishing energy ( e.g., e33 in plane 
strain or e22 in shear) is always ensured by the limiting con
dition ( 9 )  for two-component turbulence. 

V. COMPARISON WITH COMPOSITE "RETURN-TO

ISOTROPY" MODELS 

The present model represents an attempt to explicitly 
account for effects of anisotropic dissipation rates. The suc
cess ofthis approach depends to some extent on the feasibil
ity of obtaining reliable data for the dissipation rate compo
nents. Such data, although increasing in amount, are still 
rather scarce. In the Reynolds stress transport equations Ee,; 
plays a role sim ilar to that of the so-called slow part of the 
pressure-strain-rate term ( n t ) .  Composite models for the 
energy redistribution terms lump these two effects together. 
In the present notation the composite mode) used in Shih, 
Mansour, and Chen9 ( SMC) reads 

= - cqC1F' + I )aij - E( y/4) [ ( j  - pi. )a,1 

+ a,, a,; - JII. öij ] .  ( 1 7 )  

where C1f' and y are given functions o f  Reynolds number 
and the anisotropy tensor invariants. If this "return-to-iso
tropy" mode) is to be compared with the present e1; -model, 
Eq. ( 10) must be complemented with a model for n t .  Be
cause of the lack of detailed investigations of nonlinear ex
plicit models for n t .  we choose here the commonly used 
linear Rotta4 mode) and obtain 

T�AM = - c1Eaij - Eeij 
- E(c 1  + I )a1; + m [ (j - illa )a,1 

+ a,,a,; - Jll0 8ij ] •  ( 1 8 )  

where c 1 i s  the Rotta constant. This should not be regarded 
as a proposed mode! for the energy redistribution tensor T,; , 
but it allows interesting comparisons with the SMC model 
( despite the apparent inconsistency of using a linear model 
for n J; together with a higher-order one for e1; ) .  

The two models ( 1 7 )  and ( 1 8 )  were tested against the 
experimental data of Ref. 17 on relaxation of strongly aniso
tropic homogeneous turbulence downstream of a contrac
tion. The strain-rate parameter S ! in the experiment was 
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about 3 and the turbulent Reynolds number, ReA , about 
2500. A rather good agreement was found between the SMC 
model prediction and the experimental data. A very close 
agreement was found for the present mode) ifthe Rotta con
stant was allowed to attain a value of c, = 1 . 7  (and a = � ) .  
This value should be compared with c1 = 2.3,  representing 
the best choice of c 1 under the assumption of isotropic dissi
pation. 

Direct comparison between ( 1 7 )  and ( 1 8 )  shows that c 1 
and a correspond to l C1F' and - y/4, respectively. With 
the functions for C1F' and r in Ref. 9, iC1F' will vary from 
about 2. 1 to 0.85 and - y/4 will be about 0.01 for the experi
mental case described above. The value of 0.01 seems to be 
very low as compared with the a used here, and it means that 
the higher-order terms in the second part of ( 1 7 )  ha ve a 
negligible inftuence. The value of - y/4 depends on the de
gree ofanisotropy of aij and can never exceed 0.5 ( the value 
reached in the two-component lim it ) .  If, in an axisymmetric 
case, - y/4 is to be larger than, say, 0. 1 ,  then a 1 1  must be 
smaller than - 0.65, i.e., very close to the two-component 
limit, or greater than 1 .25.  Also, in all the irrotationally 
strained cases of Ref. I the value never exceeds 0.05. Thus 
Eq. ( 1 7 )  is essentially ofthe form Tij = Caij except in highly 
anisotropic situations, e.g., in the immediate vicinity of a 
wall. 

The above results should not in themselves be taken as 
an indication of the sufficiency of linear pressure-strain 
models. However, it possibly points to the advantage of sepa
rate modeling of anisotropic dissipation and pressure-strain 
rate for the construction of Reynolds stress models with as 
large a generality as possible. 

Vl. SUMMARY 

A nonlinear algebraic mode) for the dissipation rate ten
sor has been derived, and tested against numerical simula
tion data. The set of algebraic relations for the anisotropy of 
the dissipation rate tensor should be regarded as a supple
ment to the transport equations for the individual Reynolds 
stress components (or k and aij ) and the scalar dissipation 
rate, in the context of Reynolds stress transport models. A 
major advantage with the present approach is that the effects 
of anisotropic dissipation rate can be isolated and the model
ing of these tested separately against experiments, physical 
or numerical. Another advantage is that knowledge of the 
anisotropy of the dissipation rate tensor could be used for 
improved modeling of the production term in the scalar dis
sipation rate transport equation. 
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APPENDIX: ROT ANAL VSIS OF THE RESPONSE OF 

INITIALL V ISOTROPIC TURBULENCE SUBJECTED TO 

A SUDDEN SMALL RAPID ARBITRARV DISTORTION 

Rapid distortion theory can be used to predict the be
havior of turbulence subjected to a suddenly applied rapid 
irrotational strain rate. Here we derive an expression for the 
rdation between the Reynolds stress and dissipation rate an
isotropies under such circumstances. The quantities needed 
are thus u,u1 and u,_,, ui,, as functions of the strain tensor. 
The presentation closely follows that of Ref. 1 3 ,  pp. 68-73. 

We begin by introducing an energy spectrum tensor 
<l>ij ( k )  ( k is the wave-number vector) for the homogeneous 
turbulence defined by 

u, (x + r )u1 (x )  = f f f <l>ij ( k ) e''' d k. ( A l ) 

From this definitioin it is readily shown that (a prime is used 
to denote the initial state of the turbulence ) ,  

u,u/ = I  I I <l>ij ( k ) d k, 

u,_,, uj.,, ' = I  I I k 2<1>;j ( k ) d k. 

( A2 )  

Hence the dissipation rate components can be written as 

Eij = 2vf ff k 2<1>',1 ( k ) d k. (A3 )  

At a later instant when the ftow has been distorted w e  have 

u:u: = I  I I <l>Jq )d1]. 

E,1 = 2v f f f 71'<1>,1 ( 1] )d1], 
( A4)  

where ill the rapid distortion limit it i s  possible to express 11 
and <l>ij as functions of k, <l>ij ( k ) ,  and the strain tensor. I fa  
small arbitrary irrotational strain is imposed on  the ftuid the 
strain tensor will be diagonal with the components equal to 
I + o, ( i =  1 ,2,3 ) .  Here o, can be interpreted as the relative 
extension of a ftuid element in the ith direction, i .e . ,  
o, = 6.1,/I,. where I, is the length of the undistorted ftuid 
element. The small distortion is taken to be the result of a 
large strain rate acting during a short time, which motivates 
the applicability of RDT. In initially isotropic turbulence 
<l>ij ( k )  = E(k)  ( k  'oij - k,k1 ) /(4trk 4 ) leading to the fol
lowing expressions, valid to first order in the o, 's, for 11 and 
<l>,1 ( no implicit summation over repeated indices ) :  
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( k I k, k, ) 
( A S )  1J = l+T, ' I + o ,  ' I + o 3  ' 

3 
772 ;z k  2 - 2 I k Joj .  

J = I 

<!> ;z E(k)  (k ' ( k 2 - k 2 ) - 2 (k 4 - 3k 'k ' )o  I l  4JTk 6 I I I 

- 4k ; ± k ;oj)• 
j = l  
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( A6)  

(A7)  

. I  E(k)  ( .I I 3 2 ) I <l>,, ;z-, I - I o, + -, I  k ,o, . 
, I 2trk , � I k , I 
r72<1> _ E(k)  (k ' (k 2 - k 1 ) - 2 ( k " - 3k 'k ' )o 

Il ,.._, 41Tk 4 I I I 

(A8 )  

- 2 ( k ' + k i l  J, k Jo) ( A9)  

� 2<1> - E(k )  (k ' - k 2 � o - ± k 'o ) t�J T/ ll ......, 21Tk 2 /�'I I 
i = l 

I I •  

( A I O )  

The continuity condition implies that I}� , 01 = 0 ,  i .e. , 
d71 , d71, d713 can be replaced by dk, dk, dk3. 

The expressions ( A 7 ) - ( A I O )  are introduced into the 
integrals (A2)  and ( A 3 ) ,  which then are solved by use of 
Spherica) COOrdinateS: k I = k COS e, k, = k Sin e COS rp, 
k 3 = k sin e sin rp. After some algebra we obtain the follow
ing for the initial response of isotropic turbulence subjected 
to a sudden rapid distortion ( no summation over repeated 
indices) :  

or 

- ( 2 8 )l� u,u, = - - - o, E(k )dk, 
3 1 5  0 

E = (2_ - __±__ o,.)2v ( � k 2E( k )dk, 
" 3 1 5  Jo 

i .e . ,  for small total strains we have the following relation 
between the dissipation rate and Reynolds stress anisotro
pies: 

e,., = ! a,.,. . 
For small distortions and thereby small anisotropies the al
gebraic dissipation rate anisotropy mode! [ Eq. ( 10) ] ,  if lin
earized, reads 

eij = ( I - 5a )aij. 
Hence the proposed mode! correctly describes the relation 
between large and small scale anisotropies (between aij and 
eu ) for the case of small rapid distortions provided that 

a = l  
A similar analysis can also be carried out for a homogeneous 
shear ftow using the theory of weak turbulence ( see, e.g., 
Ref. 1 8, pp. 7 1 -85 ) .  If the cccirdinate system is chosen so 
that U, = U(x, ) ,  and a , ,  and e,, will be affected to first 
order in the total shear a= t  au ;ax,: 

a12 = - A.a, e1::! = - fsa. 

We see that this is consistent with the above value oq for the 
mode! parameter a. 
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A NONLINEAR MODEL FOR THE DISSIPATION RATE TERM IN REYNOLDS STRESS 
MOD ELS 

J. Groth, M.  Hallbäck and A.V. Johansson 
Dept. of Mechanics, The Royal Institute of Technology, S-100 44 Stockholm, Sweden 

ABSTRACT 

A non-linear algebraic mode! for the dissipation rate tensor, in the 
context of Reynolds stress transport modeling, has been derived.The mode! 
relates the dissipation rate anisotropy to that of the stresses, satisfies 
realizability conditions and correctly predicts the initial response of turbulence 
subjected to a rapid strain. Comparisons have been made between the mode! 
and results from full numerical simulations of homogeneous turbulence for a 
number of different flow cases and the mode! has been shown to work well 
for most cases. Also, some ideas on the modeling of the terms in the scalar 
dissipation rate transport equation have been presented and tested against 
experiences from EDQNM computations. 

INTRODUCTION 

In the efforts to develop turbulence models that give accurate predictions in a wide 
range of engineering applications interest has, in the. last decade, been shifted from simple 
models based on the effective or eddy-viscosity concept, such as the k-E-model, to models 
based on the transport equations of the individual Reynolds stresses (RST-equations). This 
change of interest has its base in the obvious gain of accuracy achieved by solving a more 
complete set of equations, i.e. a set of equations that include terms describing the important 
phenomena of intercomponent energy transfer and an anisotropic dissipation rate. Both these 
phenomena are important when the Reynolds stress tensor becomes anisotropic which is the 
case in many basic flow situations such as flow in the vicinity of a wall and flows that is or has 
been subjected to a mean strain field or a mean rotation. The !imitations of the eddy-viscosity 
models can easily be understood by the fäet that they are unable to describe the return to 
isotropy process since they can only predict an isotropic Reynolds stress tensor in the absence 
of a mean velocity gradient field. This is quite contrary to the findings of a persistent degree of 
anisotropy downstream of screens and contractions. 

The RST-equations can be written as 

DU-ll-� = p . .  - E· ·  + CT· ·  + D··  0t IJ IJ IJ IJ ( 1 )  

where Pij denotes the production term, Eij the dissipation rate term, CTij the pressure-strain rate 
term and Dij the transport (diffusion) terms. The last three terms are not explicit in the 
Reynolds stresses and need to be modeled. In the following it will be more convenient to work 
with the turbulent kinetic energy (k), the scalar dissipation rate (E) and the anisotropy measures 
of the Reynolds stress and dissipation rate tensor, defined as 

E· ·  2 e· · = � - - o· ·  IJ - E 3 IJ 
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Engineering Turbulence Modelling and Experimenls 
Rodi and Ganic. Editors 

(2) 

(3) 
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instead of with the Reynolds stresses and the individual dissipation rate components. 
lntroducing (2) and (3) in (!),  and using the transport equation for k gives the transport 
equations for the Reynolds stress anisotropies 

(4) 

where :Pi' and :Oij denote the production and diffusion of ai'. Ever since the idea ofRST-models were first intr;duced (see e.g. Rotta [1]) the most 
common mode! approximation regarding the dissipation rate anisotropy tensor eij has been that 
of isotropy (i.e. eij = 0). An argument for this is the supposition that, at least for !arge enough 
turbulent Reynolds numbers ReA = 4k2/vE , the anisotropies introduced by outer phenomena 
such as mean strain fields, mean rotation fields or walls, only affect the !arge energy 
containing eddies leaving the small dissipative eddies in a state of isotropy. However, 
measurements by Uberoi [2], [3] of some of the spatial derivatives of the velocity fluctuations 
showed that there indeed exists an anisotropy at the dissipating scales in flows of engineering 
interest such as flow in a contraction and in a boundary layer. Measurements of the Reynolds 
stresses and the dissipation rate of the streamwise velocity component ha ve been carried out by 
Hallbäck, Groth and Johansson [4] in a small wind tunnel. In these experiments nearly 
isotropic grid generated turbulence (ReA = 1000) was subjected to the mean strain field of an 
axisymmetric contraction and then allowed to relax towards isotropy in a straight duct with a 
constant mean velocity. Downstream of the contraction the turbulence is highly anisotropic 
with an initial value of a 1 1  of about -0.45. In figure 1 it is clearly seen that E1 1 remains nearly 
constant in the straight duct, whereas the scalar dissipation rate decays with the downstream 
distance raised to an exponent of about -2 (see e.g. Groth, Hallbäck and Johansson [5]). This 
implies that <luring the relaxation phase e 1 1  increases from an initially negative value towards 
zero. In figure 1 the streamwise pressure-strain rate term IT1 1  is also shown. Since En and the 
downstream development of the streamwise Reynolds stress component were both measured 
the pressure-strain term could be calculated from the RST-equations under the approximation 
of negligible diffusion (this assumption was also in part confirmed by measurements). 

0.4 �--�-
/j,
------.. 

0.2 
0.0 I i I I I I I i i I i i I i I I i i i i i i 

0.2 D 
/j, Il 1 1  D D 

0.4 D D o - E 1 1  0 D D V D P 1 1 
0.6 -t-�-.-�-..�--..�--..--�...-�-r-�....-� ....... �_,..�-1 

- 1 0 1 2 3 X/� 4 
Fig. 1 The terms of the transport equation for the streamwise Reynolds stress 
component on the centerline of an axisymmetric contraction and a straight duct. 
(Area ratio of the contraction is 4: 1, ReA = 1000, Lo is the contraction length). 
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A significantly non-isotropic dissipation rate has also been observed in the data bases 
from full numerical simulations of homogeneous turbulence subjected to irrotational strains [ 6] 
and of turbulent channel flow [7]. One should remember though that these simulations are still 
restricted to fairly low Reynolds numbers (ReA ,,,50 in [6]) due to limitations in computer 
capacity. 

To account for the effects of an anisotropic dissipation rate a linear model relating eij to 
aij has been suggested by e.g. Hanjalic and Launder [8] of the form 

(5) 

Here E is a  function of the Reynolds number such that E tends to zero when ReJ\ tends to 
infinity and to unity when ReJ\ tends to zero. The latter requirement is motivated by a 
reasoning that when the Reynolds number approaches zero the energy containing and 
dissipative ranges of eddies should overlap and lead to similar degrees of anisotropy in l1j and 
aij· E can, in principle, also be a function of the invariants of tensor aij and the velocity 
gradient field but this was not accounted for in [8] . However, numerical simulations by Lee 
and Reynolds [6] of turbulence subjected to a plane strain and by Rogallo [9] of turbulence in a 
homogeneous shear show that even if a stress anisotropy component is equal to zero the 
corresponding dissipation rate component can be quite significant, a phenomenon that can 
never be accounted for by (5). 

It thus seems clear that in order to increase the field of application of RST-models the 
dissipation rate tensor needs funher and improved modelling. We have developed a non-linear 
algebraic model for the dissipation rate tensor that couples the anisotropy of the dissipation rate 
tensor to that of the Reynolds stress tensor. It fulfils all basic constraints such as symmetry 
and realizability. The derivation of the model is described in detail elsewhere [ 10] and will be 
described briefly in the present paper. The idea of adding a set of algebraic relations for eij to 
the seven differential transpon equations for aij• k and E bears some resemblance to the 
algebraic stress modelling introduced by Rodi [ 1 1] where the k and E equations are 
complemented with algebraic relations for the individual Reynolds stresses. The proposed 
model is shown to be in good agreement with results from various full numerical simulations. 
The common models used in the scalar dissipation rate transpon are then discussed in view of 
the proposed mode! and results from full numerical simulations and EDQNM calculations 

AN ALGEBRAIC MODEL FOR A NON-ISOTROPIC DISSIPATION RATE 

From (4) it is seen that, in the case of homogeneous turbulence CDij = 0), eij (and Tiij) 

can be written as functionals of aij• k, E, the mean velocity derivatives Uij and v (included for 
generality). The definition of t;j suggests that the mean velocity gradients enters the functional 
relationship for eij only as invariants of Uij· Assuming that the memory time of the turbulence 
is sufficiently shon the functionals can be expanded in time (Lumley and Newman [ 12]) and 
reduced to functions of the present state. To proceed from this towards a tensorially correct 
expression for eij one might construct a general series expansion of eij in 'powers' of ald. This 
implies an implicit assumption that the Reynolds stress anisotropies have a primary influence 
on the eifS whereas the other dependencies are assumed to be secondary. Such an expansion 
that satisfies the symmetry condition, eij = eji• and the zero trace condition, eii = 0, can be 
written (see also [4] or [ 10]) 

(6) 

where Ila = an, ak:i, Illa = aik ald ali. In this expression both the dependence on the tensor ald 
and its invariants Ila and Illa is explicitly accounted for. The model parameters ek may depend 
on ReJ\ and suitably defined mean strain rate parameters. 
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To ensure that the modet does not give unphysical results (such as negative energies) 
we may impose a realizability condition on the expression (6). In homogeneous turbulence this 
can be formulated as a condition that if there is no energy in a velocity component there can be 
no dissipation either or 

ei i  = ai i if aii = -2/3 
- - - - - -

where the underscore denotes suppression of the summation rule. 

(7) 

To reduce the number of unknown constants expression (6) has to be truncated. At 
least third order terms must be retained in order to satisfy (7) and still have a possibility to 
adjust the remaining mode! parameters. From this it is clear that the simplest non-linear relation 
between eij and akl that fulfils the symmetry, trace and realizability conditions can be written as 

The mode! parameter a could in principle be determined from experiments. Another 
and more general method would be to require that the mode! should correctly predict the initial 
behaviour of eij in the case of isotropic turbulence that is subjected to a sudden rapid strain. In 
this case the relation between aij and eij can be determined using rapid distortion theory [ 13]. 
For small total strains the result, which holds for an arbitrary strain rate tensor, is that eij = 1/2 

aij · For the mode! to give this behaviour for small strains (and thereby small anisotropies) a 
must assume the value of 3/4. 

0.00 

-0 .35 

-0.  70 -+---.--�-�--r--...---.---�---i 
- 0 .  7 0  - 0 . 3 5 0 . 0 0 0 . 3 5 3 1 1 0 .  70 

Fig. 2 e 1 1  vs .  a 1 1  for turbulence subjected to axisymmetric strain. 

Comparison between the mode! (8) with a = 3/4 (thick curve)and numerically 

simulated results. Data from: Lee and Reynolds [6] contraction ( 0 )  and 
expansion ( D )  (S*2 (t=0) == 0.97 resp. 0.7 1 ,  ReA == 50), Rogallo [9] 

contraction (6) ( S*2 (t=0) == 0.5 - 2.0, ReA == 15 - 100). 
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In figure 2 the proposed mode! is compared to the full numerical simulations by Lee 
and Reynolds [ 6) of turbulence subjected to an axisymmetric strain. The mode! (8) is seen to 
agree well with the data over a wide range of total strains and anisotropies both in a contraction 
and an expansion. Equally good agreement is found for the relaxation of turbulence after an 
axisymmetric contraction. In the case of a plane strain the anisotropy measure for the 
streamwise velocity component (a1 1) is nearly equal to zero whereas e 1 1  differs significantly 
from this value. However, the mode! (8) still gives a fairly accurate prediction of e 1 1  (see 
[10)). Hence, the nonlinear part of the mode!, that describes the influence on one component 
eij from the complete anisotropic state, appears to mode! the physics to a reasonable 
approximation. 

THE SCALAR DISSIPATION RATE EQUATION 

In order to improve RST-closures it is not only essential to find better models of the 
different terms in the stress transport equations but also to ha ve a proper mode! of the scalar 
dissipation rate equation. However, the question of how to mode! the E-equation seems to 
have attracted much less interest than the modeling of the terms in the RST-equations. For 
homogeneous situations the exact scalar dissipation rate transport equation reads 

The first term is a production or generation term, the second a destruction term and the third 
can be interpreted as the generation of vorticity fluctuations by the turbulent field itself. The 
standard modeling of the production term is (see e.g. Hanjalic and Launder [ 14] ,  [8]) 

( 10) 

If the RST equations are supplemented with a mode! for the dissipation rate anisotropies, such 
as that described above, it is possible to mode! the production term in (9) in a manner that 
appears closer to the original expression. One may note that the first part of the production 
term can be rewritten as E ekl Uk I· In the limit of isotropic turbulence the two terms within the 
parentheses become identical. A 'natural modelling of the complete term would therefore be 

( 1 1 )  

The value of the mode! eons tant CEp may be expected to be about 2 in view of the identity of 
the two parts in the isotropic limit. 

Even though the destruction term and the triple correlation term seem to be of quite 
different nature it has been suggested by Rodi [ 15) that they should be modeled together as 

( 12) 

This has been, and still is, the standard treatment of these terms. The validity of the approach 
will be analyzed in the following. For this purpose we introduce the following notation for the 
two parts 

c.2 
2v2 ui,kmUi,km = Cecfj( and ( 13) 

It is natura! to assume that for vanishingly small amplitudes, or equivalently low Reynolds 
numbers, the relative importance of the triple correlation term should be negligible. In the 
extreme limit of isotropic turbulence in its final period of decay the first term is alone 
responsible for the decay of E, and the kinetic energy varies with time as t-5/2. This would 
correspond to a Ced of 1 .4 (and Cew = 0). At !arge Reynolds numbers though the influence of 
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the triple correlation part should be expected to be significant. This is analyzed below through 
use of EDQNM computations. 

RESUL TS FROM NUMERICAL CALCULATIONS 

It is today possible to make interesting comparisons between turbulence models and 
results of different types of numerical simulations. The greatest interest is perhaps connected to 
the data obtained from full numerical simulations of the Navier-Stokes equations. Since all 
three velocity components and the pressure are available it is possible to calculate the different 
terms in the RST-equations, even those that are very difficult or even impossible to measure 
directly (e.g. the pressure-strain rate correlations). However, these simulations are still 
restricted to fairly low ReA (up to about 100) due to !imitations in computer memory and 
speed. An interesting alternative at higher ReA is that of using data from computations with 
two-point turbulence closures, such as the so called EDQNM approximation (see e.g. Orszag 
and Kruskal [ 16] and Orszag [ 17]). 

In order to study the modelling approach (12) and the relative importance of the two 
terms, EDQNM computations were used to deterrnine the time evolution of the scalar energy 
spectrum function of decaying isotropic turbulence. In this case the scalar energy spectrum 
E(k,t) is a solution of the equation 

CJE§�,t) 
+ 2v k2 E(k,t) = T(k,t) ( 14) 

where T(k,t) is responsible for the transfer of energy between different wavenumbers. T(k,t) 
is an integral over wavenumber space of triple Fourier velocity correlations and is in the 
EDQNM approximation expressed in terms of double Fourier velocity correlations, eddy
damping functions etc. Equation (14) was solved using the mathematical transformation 
suggested by Crocco and Orlandi [ 1 8] and the eddy-damping function first proposed by 
Pouquet, Lesieur, Andre and Basdevant [ 19]. The initial spectrum was here taken as 

s 
E(k,0) = A(s,n) kS exp(- n k0) ( 15) 

where A(s,n) was chosen to give an initial value of unity of the turbulent kinetic energy. The 
high wave number region of the spectrum was found to assume, after a short period of 
relaxation, an exponential shape as in ( 15) with a value of n of about 1 .2, independently of 
both s and the initial value of n. In order to start with a well known behaviour at high wave 
numbers n was chosen to 4/3 (the same as in the so called Pao-spectrum). 

From a simple argument based on the assumption of self-similar decay of the energy 
spectrum at high Reynolds numbers Aupoix, Cousteix and Liandrat [20] were able to find a 
relation describing a rather strong dependence of the mode! parameter Ca on the low 
wavenumber spectrum shape, here characterized by the value of s in (15). The assumed the 
spectrum to be given by 

E(k) = A kS 
( 1 6) 

E(k) = Ko f,2/3 k-5/3 k � km 

where A and Ko are constants. Integration of this spectrum yields a relation between the kinetic 
energy and E, where s enters as a parameter. From this relation one can derive an expression 
for dE/dt, and from comparison with the dissipation equation one can identify Cez as 
(3s+5)/(2s+2). Figure 3 shows this relation together with data from EDQNM calculations at a 
ReA "' 1000 (the same as in the experiments [5] in which Ce2 was determined to 1 .88). The 
value of Ce2 is indeed seen to be highly influenced by the value of s. This shows that one 
cannot expect to find a generally valid single value of this parameter but on the other hand this 
might explain the discrepancies reported in the literature regarding the value of Ce2· The same 
trend was also found in full numerical simulations carried out by the authors of decaying 
isotropic turbulence. Since Ce2 cannot be uniquely determined we will choose a value of s that 
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Fig. 3 Ce2 vs. s, where E(k,t) - k5 for small wavenumber k. Data from 
EDQNM computations of decaying isotropic turbulence. Solid curve is the 
expression for Ce2(s) given by Aupoix, Cousteix and Liandrat [20] . 

gives a Ce2 in agreement with 'typical' experiments. From figure 3 it is seen that this gives s 
equal to 1 .5. 

Using this value for s we may study how Ce2, Ced and Cew vary with the Reynolds 
number through use of EDQNM calculations. In figure 4 it is seen that Ced and Cew vary 
strongly with the Reynolds number, e.g. the value of Ced is nearly tripled as ReA increases 
from 1000 to 10000. For low ReA the triple correlation term becomes negligible as compared 

1 2 .......-���������������-, 
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Fig. 4 Ced (6,), Ce2 ( D )  and Cew ( 0 )  vs. Reynolds number ReA- Data 
from EDQNM computations of decaying isotropic turbulence. Dotted line is 
Ce2 = 1 .9. 
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to the viscous destruction term, which is reflected by the fact that Cew tends to zero with 
decreasing ReA- Here Ced does not tend to the value 1 .4 as would be expected from 'final 
period of decay' arguments, and the reason for this is that all the runs started form the same 
spectrum shape (see above), i.e. the low Reynolds number runs were not started from a proper 
low Reynolds number spectrum E(k) = A k4 exp(-ck2). Although Ced and Cew vary strongly 
with Reynolds number the net effect of these two terms is nearly constant as evidenced from 
the approximately constant value of Ce2. This supports the standard modeling approach of 
lumping them together. 

SUMMARY 

To summarize, a mode! for the anisotropy of the dissipation rate tensor has been 
derived, which satisfies realizability conditions and correctly predicts the initial response of 
turbulence subjected to a rapid strain.The non-linear algebraic mode! expression relates the 
anisotropy of the dissipation rate tensor to that of the Reynolds stress tensor. In other words it 
is an attempt to relate the small scale anisotropy to that of the larger energetic scales. The mode! 
has been tested against the results of numerical simulations of a number of different cases of 
homogeneous turbulence. The agreement was found to be satisfactory in most cases. Attention 
has also been paid to the modeling of the scalar dissipation rate transport equation. An 
alternative way of modeling the production term due to mean field interactions, with the aid of 
the dissipation rate anisotropy mode!, was suggested but has not yet been tested. Furthermore 
the standard approach of modeling the viscous destruction term and the triple correlation 
lumped together was tested and found to be advantageous over separate modeling of the two 
parts. This conclusion is based on experiences from EDQNM computations of decaying 
isotropic turbulence. The mode! parameter Ce2 in the standard mode! was shown to be 
essentially independent of Reynolds number but was shown to be rather strongly influenced 
by the spectrum shape at low wave numbers. 
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Anisotropic Dissipation Rate - lmplications for 
Reynolds Stress Models 

M. Hallbäck, J. Groth and A .  V. Johansson 
Department of Mechanics, Royal Institute of Technology, 
S-100 44 Stockholm, Sweden 

Improvement of the modelling of the intercomponent energy transfer (pressure-strain 
rate) terms is of central importance for the development of Reynolds stress closures of 
turbulence. However, also the degree of anisotropy of the dissipation rate tensor has 
a significant influence on the evolution of the Reynolds stresses whenever dissipative 
effects are important . Here, homogeneous anisotropic turbulence was studied in order 
to elucidate the effects of anisotropic dissipation in strained and relaxing flows. Experi
ments were carried out where the streamwise dissipation rate component was measured 
in and downstream of a contraction, and the results indicate an anisotropic dissipation 
rate tensor. It was found through comparisons with direct numerical simulation data 
that the dissipation rate anisotropy could essentially be accounted for by an algebraic 
model that relates the anisotropy of the dissipation rate tensor to the anisotropy of the 
Reynolds stress tensor. The information provided by the model can in tum be used in 
a modified modelling of the total dissipation rate transport equation. 

1 .  Introd uction 

Many flow situations exhibit a high degree of anisotropy in the Reynolds stresses. This is 
the case in, e .g . ,  the near-wall region of turbulent boundary layers and in turbulence that 
is or has been subjected to rotation or to a mean strain field in a contraction or a shear 
flow. The anisotropy of the Reynolds stresses is dominated by the energy distribution on 
the large scales, and leads to an energy transfer between the velocity components .  The 
small scale energy distribution has normally been assumed to be essentially unaffected 
by that on large scales, at least for high turbulent Reynolds numbers (Ref\. = 4k2 /ve, k is 
the turbulent kinetic energy and c; is the total dissipation rate) , and the dissipation rate 
tensor is consequently usually taken to be approximately isotropic. Several recent direct 
numerical simulations (see, e.g. , Lee & Reynolds 1985 or Gerz, Schumann & Elgobashi 
1989) ,  indicate that the small scale anisotropy may be significant , particularly in flows 
with large mean strain rates. However, these simulations were conducted at rather low 
Ref\. ( � 50). Studies of the non-local triadic interactions, due to the nonlinear terms in 
the Fourier transformed N avier-Stokes equations, show that there is a strong coupling 
between the distribution of energy among the high wave numbers and the energy in the 
low wave number region (Brasseur & Corrsin 1987). This suggests that a significant 
degree of anisotropy in the dissipative scales can evolve due to large scale anisotropies 
also at high Reynolds numbers, despite the large separation of scales. 

The Reynolds stress transport equations include terms describing the intercompo
nent energy transfer and the different dissipation rates, and hence models that are 
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Figure 1 .  A two-sensor probe was 
used for measuring e 1 1 . The wire 
lengths and the cross-stream 
separation were about 1 .5  Kolmogorov 
scales. At the grid the mean velocity 
was about 4 m/s. The turbulence level 
was less than 5% in the contraction, 
making Taylor's hypothesis applicable. 
The contraction length ( L0 ) was 45 cm 
and the area ratio was 4. 
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based on these equations have the basic prerequisites necessary to address the problems 
associated with the modelling of anisotropic turbulence. From the transport equation 
for the Reynolds stress tensor a transport equation for the corresponding anisotropy 
tensor 

U jUj 2 
a · ·  = -- - -8 l) - k 3 l)  ( 1 )  

where u ;u  j i s  the Reynolds stresses, can be  derived. In  homogeneous turbulence this 
equation reads 

(2) 

where P;j is a mean velocity gradient dependent production term, e;j is an anisotropy 
tensor defined in the same manner as a;j hut from the homogeneous dissipation rate 
tensor €;j = 2v u; ,kuj,k and II;j is the pressure-strain rate correlation. It is clear 
that if dissipative effects are important for the evolution of a;j ,  so is also the degree of 
anisotropy, e;j , of the dissipation rate tensor. If, as in most RST-models used today, the 
dissipation rate is assumed to be isotropic, the effects of an anisotropic dissipation rate 
can be regarded as included in the modelling of the pressure-strain rate terms (see, e.g. ,  
Lumley 1978) . However, in order to improve the applicability of RST-models to a wide 
dass of flow situations it is important to distinguish between effects of the physically 
different phenomena of anisotropic dissipation rate and intercomponent energy transfer 
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Figure 2. The terms of the streamwise Reynolds stress transport equation as determined 
from experiments. In this case the diffusion terms were negligible. The C: 1 1  component is 
seen to be nearly constant in the straight duct ( x / L0 > 1 )  downstream the contraction 
(0 < x/Lo < 1 ) .  

( e .g. ,  c:e;j and II;j behave quite differently in  the vicinity of a wall) . Explicit modelling of 
anisotropic dissipation rate has been tried in very simple forms, in which the anisotropy 
of C:ij is assumed to be proportional to the corresponding anisotropy of the Reynolds 
stress tensor (Hanjalic & Launder 1976). 

2. Experimental indications of dissipation rate anisotropy 

There exists a number of experimental indications of anisotropy in the dissipative scales. 
Measurements by Uberoi ( 1956,1957) in axisymmetric nozzles, and in a boundary layer 
showed a significant departure from the isotropic relations for some of the spatial deriva
tives of the fluctuating velocities. Similar results were obtained by Antonia, Shah & 
Browne ( 1987) in the selfpreserving wake of a circular cylinder and by Hussein & George 
( 1989) in an axisymmetric turbulent jet .  

Measurements of the Reynolds stress tensor and the dissipation rate of the stream
wise velocity component have been carried out by Hallbäck, Groth and Johansson 
( 1989) in a small wind tunnel. In these experiments nearly isotropic grid turbulence 
(Re11. � 1000) was subjected to the mean strain field of an axisymmetric contraction and 
then allowed to relax towards isotropy in a straight duct with a constant mean velocity. 
Downstream of the contraction the turbulence was highly anisotropic with an initial 
value of a 1 1  of about -0.45. The streamwise dissipation rate component was measured 
with a probe consisting of two parallel hot-wires ( see figure 1 ). With this probe the nec
essary instantaneous cross-stream and streamwise (via Taylor hypothesis) derivatives 
could be determined. In figure 2 it is clearly seen that c: 1 1  remains nearly constant in 
the straight duct, whereas it from measurements of the turbulent kinetic energy was 
deduced that the total dissipation rate decays as the downstream distance raised to a 



power of about -2. This means that E decreases with a factor of about 3 in the straight 
duct, which in tum implies that <luring the relaxation phase e1 1  varies correspondingly, 
from an initially negative value towards zero. In figure 2 the streamwise pressure-strain 
rate term 1111 is also shown. Since c11  and the downstream development of the stream
wise Reynolds stress component were both measured the pressure-strain rate term could 
be calculated from the RST-equations under the approximation of negligible diffusion 
(this approximation was in part confirmed by measurements) . 

The experimental indications of strong anisotropy in the dissipation rate tensor 
clearly motivates the search for a model that may accurately take this anisotropy into 
account . The most straightforward way within the transport modelling concept would 
be to use the transport equations for the dissipation rate tensor. This however is 
quite a complicated approach since these equations contain many new terms that need 
modelling. Here another method is used in which an algebraic relation for e;j is derived 
through considerations of the mathematical structure of (2) and the physical constraints 
that should be fulfilled by any dissipation rate model. 

3. D issipation rate anisotropy model 

From (2) it is seen that e;j (and Il;j ) can be written as functionals of a;j , k, E, the 
mean velocity derivatives U;,j and v (included for generality ) .  The definition of e;j 
suggests that the mean velocity gradients enters the functional relationship for e;j only 
as invariants of U;, j .  Assuming that the memory time of the turbulence is sufficiently 
short the functionals can be expanded in time (Lumley & Newman 1977) and, as a first 
approximation, reduced to functions of the present state. To proceed from this towards 
a tensorially correct expression for e;j one might construct a general series expansion 
of e;j in 'powers' of akl · This implies an implicit assumption that the Reynolds stress 
anisotropies have a primary influence on the e;j :S whereas the other dependencies are 
assumed to be secondary. Such an expansion that satisfies the symmetry condition, 
e;j = ej; ,  and the zero trace condition, e;; = 0, can be written (see also Hallbäck et al. 
1 989, 1990) 

1 1 1 
+ { Cz + C4 2,IIa + cs 3IIIa + . . .  } (a;kakj - 3IIaOij ) 

(3) 

Here the Cayley-Hamilton theorem has been used to express higher order terms of the 
tensor products and their traces in terms of lower order quantities. In this expression 
both the dependence on the tensor ak1 and its invariants Ila (= a;kak;) and IIIa (= 
a;kakmam; )  is explicitly accounted for. The model parameters ek may depend on ReA 
and suitably defined mean strain rate parameters. 

To ensure that the model does not give rise to unphysical results (such as negative 
energies) we may impose a realizability condition on expression (3 ) .  A condition of this 
kind states that the right hand side of (2)  must be greater than or equal to zero when 
aaa is equal to -2/3 (since aaa :2: -2/3 always) . (No summation over Greek indices. ) 
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Figure 3. Model predictions (solid curves) of e 1 1  and e33 vs a22 in a plane strain with 
a 1 1  � 0, compared with direct simulation data of Lee & Reynolds ( 1985) ( e , • ) and 
Larsson (Dept . of Mech. ,  KTH, Stockholm) ( 0 , O ) .  

This condition implies, for the dissipation rate term, that 

(4) 

In homogeneous turbulence this condition can be shown to follow strictly from the 
definition of the dissipation rate term. It also holds for turbulence at a solid wall. 
It simply states that if there is no energy in a velocity component there can be no 
dissipation either. 

To reduce the number of unknown constants expression (3) has to be truncated. 
At least third order terms must be retained in order to satisfy ( 4) and still have a 
possibility to adjust the remaining model parameters. From this it follows that the 
simplest nonlinear relation between e;j and a k 1  that fulfills the symmetry, trace and 
realizability conditions can be written as 

(5) 

The model parameter a could in principle be determined from experiments. Another 
method would be to require that the model should correctly predict the initial behaviour 
of e;j in a fundamental but simple flow situation such as isotropic turbulence subjected 
to a sudden rapid strain. In this case the relation between a;j and e;j can be determined 
using rapid distortion theory (see, e .g. ,  Batchelor 1953). For small total strains the 
result, which holds for an arbitrary strain rate tensor, is that e;j = 1/2 aij · For the 
model to give this behaviour for small strains (and thereby small anisotropies) a must 
assume the value of 3/4. Thus the model parameter has been set to a specific value, 
which is not based on calibration against experimental or numerical results. 

The model has been tested against data from direct numerical simulations of var
ious homogeneous flow cases, such as turbulence subjected to irrotational strains or 



homogeneous shear, and relaxation from anisotropic states. In all cases the value of a 
was set to 3/4. The model was not complemented with models for the other terms of 
the RST-equations to form a complete closure, hut was directly compared to data on 
the dissipation rate anisotropy. Very good agreement was found for axisymmetric tur
bulence, in which there is only one independent anisotropy measure of each tensor, and 
reasonably good agreement was found for the other more complex cases. In figure 3 the 
anisotropies of the dissipation rate tensor of turbulence subjected to a plane irrotational 
strain are shown. Here the anisotropy measure for the streamwise velocity component 
( a1 1 ) is nearly equal to zero whereas e 1 1  differs significantly from this value, i .e .  neither 
an isotropic nor a linear model could at all capture this behaviour. However, the model 
(5) still gives a fairly accurate prediction of e1 1 . Hence, the nonlinear part of the model, 
that describes the influence on one component of e;j from the complete anisotropic 
state as given by akt ,  appears to model the physics to a reasonable approximation. The 
dissipation rate anisotropies in the case of a homogeneous shear, which can be regarded 
as a generic case for any shear flow, were equally well described by the model. 

Even though the linear part ( e l�near = 0.5 a;j ) of the proposed model, which 
was calibrated against rapid distortion analysis , in many cases is sufficient to capture 
the behaviour of the e;j -tensor the nonlinear part enables a correct prediction of the 
dissipation rate of a stress component tending to zero. Furthermore , the model seems 
to capture the behaviour of the dissipation rate tensor in flow cases characterised by 
Illa � 0 and IIIe � 0 (e.g. ,  plane strain or homogeneous shear) , something a linear 
model is incapable of. 

4. The total dissipation rate equation 

In order to improve RST-closures it is not only essential to find better models of the 
different terms in the stress transport equations hut also to have a proper model of the 
total dissipation rate equation. For homogeneous situations the exact total dissipation 
rate transport equation reads 

�� = - (t: kl + 2v u;,kUi , l ) Uk , l  - 2v2 -U-i,_k_m_U_i_,k_m _ _  2v Uk ,mUi ,kUi ,m (6) 

The first term is a production or generation term, the second a viscous destruction 
term and the third can be interpreted as a generation of vorticity fluctuations by the 
turbulent field itself. The standard modelling of the production term is (see, e .g . ,  
Hanjalic & Launder 1972, 1 976) 

(7) 

If the RST-equations are supplemented with a model for the dissipation rate tensor 
anisotropy, such as that described above, it is possible to model the production term 
in (6)  in a manner that appears doser to the original expression. One may note that 
the first part of the production term can be rewritten as c:ek1Uk , l  in an incompressible 
fluid. In the limit of isotropic turbulence the two terms within the parentheses become 
identical. A natural modelling of the complete term would therefore be 
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Figure 4. The model parameters Cd and Cep as determined from direct simulation data 
of Lee & Reynolds ( 1985) .  Here plotted vs IIe ( = e;j ej i )  which quantifies the anisotropy 
of the e;j -tensor. 

(8) 

The value of the model constant C.:p may be expected to be about 1 in view of the 
identity of the two parts in the isotropic limit . Preliminary results from comparing the 
model (8) with direct numeric simulation data of an axisymmetric strain case and a 
plane strain case indicate that Cep should assume a value of about 1 .3 .  As can be seen 
in figure 4 the value of Cep varies rather strongly with the degree of anisotropy of the 
dissipation rate tensor but on the other hand rather weakly between the two different 
cases. This feature is quite opposite to that of Cd of the standard modelling. Even 
though the two terms are identical in isotropic turbulence their degree of anisotropy, 
which is the essential property in the interaction with the mean field gradients ,  is initially 
significantly different when the turbulence is subjected to strain. In fact, RDT-analysis 
of the initial behaviour of the two tensors shows that a value of Cep of about four should 
be expected ( instead of one) for small IIe . 

5 .  Concluding remarks 

A significant degree of anisotropy of the dissipation rate tensor was observed in an 
experiment on axisymmetrically strained homogeneous turbulence. 

A proposed algebraic model for e;j was shown, by comparison with direct numerical 
simulation data, to accurately describe the anisotropy of the dissipation rate tensor in 
several different kinds of flows. 

An alternative way of modelling the production rate term in the total dissipa
tion rate equation was investigated in which use was made of the algebraic e;j -model. 
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DESCRIPTION OF THE PRESSURE EFFECTS IN THE REYNOLDS 
STRESS TRANSPORT EQUA TIONS 
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1 

Three different proposals for the separation into a deviatoric and a non-deviatoric term of the 

pressure-velocity interactions in the Reynolds stress transport equations are discussed. It is 

shown from general considerations and two specific examples that the customary separation is 

likely to be the correct choice. 

Since many turbulence models take their starting point in the transport equations for the 

Reynolds stresses uiuj it is of great importance that these equations are written in an 

unambiguous way, and that the different terms in the equations are given their correct physical 

interpretations. In an incompressible turbulent flow the Reynolds stress transport (RST) 

equations are usually derived by multiplication of the transport equation for the fluctuating 

velocity ui with uj, interchanging indices, adding the two expressions and taking the average. 

The fluctuating pressure p thus appears in the resulting RST-equations as 

- u . !._ Qp__ - u . !._ Qp__ I p dXj J p dXj ( 1 )  

This term is  generally separated into a deviatoric term (Djj) and a non-deviatoric or, since it is 

commonly written as a divergence, a transport term (Tij) ·  Having a zero trace Dij does not 

enter the transport equation for the turbulent kinetic energy (k), and might be interpreted as an 

intercomponent energy transfer. The trace of the non-deviatoric term contributes to the change 
of k and can be interpreted as the work done by the pressure field. 

Keeping the continuity equation in rnind the "classical" separation (see, e.g., Ref. 1) is 

written as 

c n [aui au .] 
D- · - .I:'._ - + -1 

IJ 
- dX · ek p J I 

(2) 

Lumley2 showed that this separation is not (in a mathematical sense) unique and suggested the 

separation 



and � = _ 2- L  pu o· · IJ 
3 ax n IJ p n 

A third separation has been proposed by Mansour, Kim & Moin3 

M [ 1 [ an an� UjU· 1 a -] Dr = - - u . ..:::..i::... + u . ..:::..i::... - .:::!.'.:'..l.. - - pu J p 1 axj J ax · k p axn n 

and 
_M UjU· 1 a -T: : = - .:::!.'.:'..l.. - - pu IJ k p axn n 

2 

(3) 

(4) 

The question that arises is: which, if any, of these three separations is correct in the sense that 

Dij and Tij have clear physical interpretations? 

It is our belief that the confusion, as expressed by (2), (3) and (4), is due to the method 

used (and outlined above) in obtaining the RST-equations. In the process the origins of the 

different terms get lost which leads to a mix of physically different terms (like ( 1 )).  This can be 

avoided by carefully studying the relevant equations and postponing the introduction of a 

specific form for the constitutive relation. 

We here begin by considering Newtons second law for an infinitesimal cube of fluid, with 

uniform and constant density, which is unaffected by externa! body forces 

(5) 

Here 'Ui = Ui + Uj is the total velocity vector and Sni = Lni + crni is the stress in the i-direction 

acting on a surface element perpendicular to a normal vector in the n-direction. Subtracting the 

equation for the mean velocity (the average of (5)) from this expression we get the equation for 

the fluctuating velocity 

(6) 



3 

We next consider that part of the work (per unit volume and time), done on the surface of the 

fluid element by the fluctuating quantities, that is due to movements in the a.-direction. This 

work is the difference between the total work in the a.-direction (see, e.g., Ref. 4, p. 62) and 

the work done by the mean fields. We get (no summation over Greek indices) 

(7) 

The mean value of the work done by the fluctuating quantities can thus be written 

(8) 

Using (6) in the second last term of (8) we obtain 

(9)  

i.e., the mean value of  the work done by the fluctuating quantities on the surface of  the fluid 

element is balanced by a rate of change of the element's kinetic energy in the a.-direction, 

advection of kinetic energy (by the mean field), an exchange of energy with the mean velocity 

field, a transport of energy by the velocity fluctuations and, finally, by a term which must 

contain all other energy changing processes. This last term includes friction losses (dissipative 

terms) and effects of an intercomponent energy transfer. 

If we now introduce the constitutive relation for a Newtonian fluid we get 

We may then express the work term as 

(au. au ) 
and CTjn = -p Ojn + µ ax� + ax� 

and the dissipative/energy transfer term as 

( 10) 

( 11 )  



4 

( 1 2) 

Hence, direct derivation of the work done by the fluctuating quantities on a fluid element yields 

a natura! split of the pressure related terms into a trace-less part, p �ua (sum over a), and a 

divergence term -f- (pu� Öan) · This strongly supports the class�gal interpretation of the 

pressure-strain rate �;rrelation term DJ as the intercomponent energy transfer term and of TJ 
as the pressure dependent transport term . Thus, of the three different separations, eqs. (2), (3) 

and (4), DJ and TJ seems to be the physically appropriate choice. 

There are also other indications that expression (2) is the correct choice. In two

dimensional turbulence where, say, U3 and u3 is identically zero we get, in the corresponding 

RST-equation (i=j=3) that both Df3 and Tf3 are identically zero. However, from (3) we obtain 

D L 2 d -33 = - -- pu 
3p dXn n and T

L 2 d _ 33 = - - -- pu 
3p dXn n ( 1 3) 

That is to say, in the expression proposed in Ref. 2 there is a net work done by the pressure 

that generates energy in the 3-component. This energy is immediately (as it must be since u3 is 

identically zero) transferred to the other components. This later scenario seems rather 

unphysical. Also, in a flow that is homogeneous in one direction, such as a turbulent boundary 

layer with spanwise homogeneity Tf3 vanishes identically. The other two expressions, T t 
and T� , indicate a non-zero (i.e. unphysical) transport in the homogeneous direction. Once 

again, there is support for the classical separation of the pressure related terms. 
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